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On Tridiametral Quartan Curves. By F. W. NEwMaw,

ProBLEM. To find the conditions that a Quartan may have 8 Diameters,
That it may have one, the equation must admit the form

o' +Xy =X,

where X, means & funetion of x of the nth degree,
Let r*=2+4y*; then we may write
ar* 4 (A4 Be+ C)r¥=kat 4 l* + ma34-nz+p.

This form will not be changed if we change the origin to any point in the axis
of ; hence, if there be a second diameter, we may may suppose it to pass through
the origin, which we treat as a Pole, making z=rcos ¥, y=rsin y.

Then art+ (Ar* cos® ¥+ Brcos ¢+ C)ri= .

Fkr* cos*yr -+ Ir? cos® ¥4+ mr3 cos? ¢ +nr cos Y+ p=0,
which by the routine of trigonometry is expressible as
a—§k+3(A—k) cos2y—ik cos 4y 4t
+{(B—1) cos y—}lcos 3y}
+{(C—4m)—im cos 24 }r2=nr cos ¥ +p.

This is the etgation of every Quartan which has so much as one diameter.

In order that the line expressed byic:y maybeanew diameter, it isnecessary and it
suffices that the same equation should result by substituting q,aHo, and ¢ =y—e,
where y is a definite constant, r, » the variablee of the equation. Puty=y+e; then
in order that 4 may give the same result, the terms concerned must vanish in the
coefficients of 4, 2. ,gl r separately. It must be observed that the assumption
y=0 or y=180° is useless; and y=90° leads us to two rectangular diameters, not
to three. Hence we must avoid to sup) gin y=0 or sin 2y =0.

Now gl) nrgin y . 8in 0=0, ., n==0;

2) mesin 2y sin 20=0, .. m=0;
(3) in the coefficient of r°, we need at once
(B~ 3D)sin ysin @=0; }!sin 3y.sin 30=0.

Tt is useless to suppose }=0, B=0; for this, joined with m=0, n=0, reduces the

equation to the Doubly Diametral. Hence our only useful results are
‘ 8in 8y=0, B=#; which leave B and/ finite.
(4) (A—F) sin2y. sin 20=0, k sin 4y sin 40=0.

‘We cannot make sin 4y=0, since we already require sin3y=0. Hence nothing
remains but k=0, A=0. :
Thus the original equation is reduced to
ar'+Bz+C)2=4B2’+p; . . . . . . . . (B)

and from sin 3y=0 we get fwo new diameters, defined by y=60° and y=180°,
Thus the a}n'oblem is solved.
Originally, the assumption a=0 would have left our monodiametral curve still
8 Quartan.  But after supposing A =0 and k=0, we cannot make a also =0 without
reducing the equation to a Tertian. In fact it is easy to show that the conditions
hereinvestigated yield the known Tertian Zrijuga when we add the assumptiona=0.
Writing 2= cos ¥, 42°=r*(cos 3yr+ 8 cos ¥), we find
ar'+Cr=4Brlcos8y+p, + . « « « . . ()
which is the most general Polar E;it]x:tion of Tridiametral Quartans,
Again, solving (&) for r3, and meking a=1, since @ must be finite,
r*+§(Be+C) =¥ {§Bz*+}(Ba+C)*+p}.
Thus the general equation to rect. coords. has the form
y'+224-Be4+ 0=y {§B2+B=+C)+E}, . . . . ()
which has 3 Parameters,
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If, however, C'=0 and E=0, the Polar equation becomes simply r=3B’ cos 3y,
which is a Starry Trijugs, admitting r=0.
In general, the equation to rect. coords. falls under the class

¥+X,=vX,
‘which is the highest form of those which I call Quartotertian.
: . Ar*4+Br4C
The Polar equatiom may be presented in the form cos 8yr= .

The curve is evidently in every case finite, and the species must apparently change
according as the equation a.dml?t?the forms ar® cos Sy = (ﬂ—b')(r'?-c') a‘ius&*=
2+ (r*—c2), ar® cos 8y = (r3+b*)(r3+¢?), or finally a1 cosSy= (r’i—b’)*+c‘,

Evidently :—: =0, when sin 3y,=0.
If ¥ =120°4-6, cos 3¢=cos 3. Hence the figure is Equilateral.

On Quartan Curves with 3 or 4 Diameters. By F. W. NewmMaN.

This Memoir proposes and solves the Problems, in what case Curves of the Fourth
have 3 or 4 diameters. .
t briefly analyzes the forms of the Tridiametral Curves, under the heads which
rise out of the general equation
2ar® cos 3¢ =r*4-2br24-c=R:

1. when R=r%, or 2a cos 3¢, =r;
2. when R=r*—g%3, or 2ar cos 3y =r*—g%;
8. when R=rg%3;
4. when R=rt—q*;
5. when R=14+4, and generally when R is essentially positive ;
6. when R=(r2—£%)(r*—+?), which has 3 remarkable forms;
7. when R=(2+4")(r*—9*), which has 2 forms, according as £? is>92 or <y,

On Monodiametral Quartan Curves. By F. W. NEWMAN,

This Memoir is a continuation of the paper laid before the Association last year
on Doubly Diametral Quartan Curves, and follows upon a notice now presented on
Tridiametrals and Quadridiametrals of the same degree. . .

Empl‘tl)fing X, to mean an integer function of z, of degree n, it is proposed to
giﬁeat the Monodiametral curves into five Groups, twenty-one Classes, as

ollows : —

1. y*4+2A’=X,, or z an integer function of y? [ Quartic Parabolas].
L ; 2. §‘+X,§= X:,, orz mﬁont:l% y* (Conie Parl;bola for asymptotes). }
3. Xfy,::Xl } (Horizontal and Vertical asymptotes).
. y*=X, &wo equal and opposite Conic Parabolas for | In the:ie, nﬁ
as totes). 1sratio
=X,; or, {IT;PSemicubical; with Tertian ptote. in z
2 e
=X, (Conic Parabola for asymptote).
=X, ; Quartohyperbolic.
= &/ X, ; Quartotertian of 1st Branch.
-l_-% = §,; Quartotﬁortian of 2nd Branch.
+ X, =& X, (Epiparabolic asymptote).
1 X'= VX! (Unequal Conic Parabolas for asymptotes). [y*=y'X,

o
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l is omitted as Doubly Diametral.
8. ¥+ X,=#X,; Quartotertian of 3rd Branch (Epiparabolic asymptote).
4’ 4. v+ X,=yX, (Esihyperbolic asymptote).
L

bl

16. y»+X,=V/X, ( ts two asymptotic hyperbolas, with their recti-
linear asymptotes ﬁaralld, set to set).

16. y»+4+X,= /X, ; Quartotertian of 4th Branch. (Zridiametrals must be
excluded.) Epihyperbolic asymptotes.

Iv.
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(17, y*=/X, (Quartohyperbolic Group).
18. y*+Ar=yX,.
19. *+ X, = &/ X, (one Hyperbolic asymptote at most). .
V.< 20, y*+ X=X, or X, or X, (perhaps one Parabolic and one Hyperbolic

asymptote).
21, 4+ X y*=X, or y*+X,= &/ X/, (perhaps two Hy"l;_)erbolic asymptotes,
all differently directed).

The mode of analysis used in the most difficult cases is as follows : —

Itis assumed that if %(v 2)=0, and f (4 ) =0 are known curves, and y?=13+?,
y'P=1"—u3, the curve F (y, )==0 can thence be traced, y"* and y" being the two
positive roots of y%, when such are real. Practically it is not difficult to decide on
the course of (y 2), if the constants which enter the two auxiliaries are fixed ; but
the number of hypotheses concerning the relations of the constants in ¢ to the
constants in f are embarrasein%.]

Thus, to trace (y, 2) from the equation 3?4+ X,=+4/X,, which is the largest
case, we put X,=—y,? or else X,=+y accoraing to the sign which X, may
assume within different limits, and Y= ¥ X, Then either s?=Y?>—y 3, giving
at most only one positive velue to ¥*; ory*=y.3+Y? giving in some cases two
positive values to y2. .

This assumes that we know not only y, and y,, which define Conic curves, but
also Y2=4/X,. IfX, degenerate, Y’=4/X, is a Quartic Parabola. Y?=4/X, is
a Doubly Diametral Quartan, which is here assumed to be known: Y?= /X, is
the primary Quartotertian (9th Class of Quartans); Y2= /X, is the primary Quarto-

. hyperbolic of the 17th class. Thus the 9th class becomes auxiliary to the 10th,
¢ 13th, and 16th; and the 17th is auxiliary to all which follow it. The lst class
(Quartic Parabola) is auxiliary to the 11th and 14th.

It is believed that in the 8th class alone there are in strictness as many as 260
species. This makes it impossible to undertake to draw them all, which multiply
moore and more in the higher classes, as the number of constants increase. Never-
theless many diagrams are laid before the Association, nearly exhausting the forms
of the earlier classes. The Semicubical and the Quartotertian are notable as pecu-
liarly novel and most remote from the Doubly Diametral.

Many of the forms might be conjectured beforehand from the Doubly Diametral
by merely introducing inequality, as in place of two equal, two unequal ovals.
Nveverthelees there is much that could never be so conjectured, just as in the Doubly
Diametral we could not conjecture the forms of the inferior ¢ from knowing
the superior forms,

On the Circular Transformation of Mébius,
By Prof. H. J. Sreprex SumitH, F.R.S.

GENERAL Puysics.

On Sympathy of Pendulums, By Professor P. G. Tair, F.R.S.E.

On Relations between the Gaseous, the Liquid, and the Solid States of Matter.
By Prof. Jaues Traomsor, LL.D., Queen’s College, Belfast.

The object of this paper is to submit some new theoretical considerations which
constitute a further development of one portion of the views offered, at last year's
Meeting of the Association, by the author, in his paper entitled “ Speculations on
the Continuity of the Fluid State of Matter, and on tions between the Gaseous,
the Liquid, and the Solid States.” He has now to make reference to the abstract
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