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Suspension Bridge. "~ 383

DGF = two right angles .-. the L/ NBS= £ FGD; and
then the proof is the same, and DN= DG = DO, and in
like manner PE = EQ.

Corollary. — If two lines cut -each other at right angles,
and any two lines LM, NO be drawn, cutting off two of the

> .

angles, and LM, NO be bisected in ¥ and D, and produced
to meet in B, then if DA be taken equal to DB, and FC
be taken equal to B, and the line 4C be drawn cutting the
two lines in P and @, 4P shall equal CQ.

SUSPENSION BRIDGE.
By Professor F. W. NEWMAN.

1. T bave not been able to learn that the following investi-
gation has anywhere been worked out. If new, it may

have practical interest.
cc2




384 Suspension Bridge.

In bridges of great span, the weight of the material is a
serious difficulty, and it is well to study the theory which
will reduce this difficulty to a minimum.

Given the material, and the tension to which it can be
safely subject, we shall avoid all needless weight by every-
where proportioning the strength to the strain, and hence (if
the material is uniform) proportioning the weight to the strain.
This principle will here be adopted as characteristic.

Let a cylindrical piece of the material (say iron, or wire-
rope), which is / in length, with a base whose area is ¢?, have
the weight w, and be able safely to bear the longitudinal
tension . Thus its tension on every square unit of a trans-

verse section is t—, and the weight of every cubic unit is
e

;ﬁ . For simplicity let the specimen be taken from the
lowest point of the chain, and let ore chain only support the
bridge: so that ¢is the tension of the chain at its lowest
point, where aleo its transverse area is e®. -

Let a be a linear magnitude, determined by the propor-

tion "ti = é: then, if #= weight of a variable portion of the

chain, whose length is s, and 7" the tension at the end, the
principle that strength varies as strain, yields the proportion
dW « Tds, or ‘-ﬂ-’{:%. a;—"; which in a simpler form is

L - N—— R (1)

an equation which characterises the present inquiry.
in; in every Catenary, the horizontal tension is con-
stant; so that if x is the horizontal ordinate to s,

from which two, eliminate 7°;
. dW _ ds* dz

t dz® a

To get some notion of the possible length of a, we may
refer to the extreme case of wire-rope. Mr. Andrew Smith’s
wire-ropes (ROPE, Penny Cyclopedia), when they weigh
34 ounces per fathom, can bear a strain of 8 tons. Put 7=
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_2x8°20-112-16
- 34
yards, which is nearly 9 miles. But of course, for each ma-
terial,  will be computed, not at its extreme tension, but at
its certainly safe tension.

2. For a first problem, suppose the chain to hang by its
own weight alone. Let the lowest point be the origin of the
bhorizontal and vertical co-ordinates z and y. Then the ver-

tical tension 7 ‘Z , in passing from s to (s+ ds.) receives the

2 yards, w=34 ounces, =8 tons; .*. a

increment d# only; or

d (T%):dW w(3).

'The eqq. (1), (2)s (3), contain the full solution of this case.
Eliminating 7" and #, put y = Z_Z for a moment; .*. we

. dy _ dr, S
readily get T4/} the second differential eq. to the

curve. Hence y = tan i; and integrating anew, cosL: =
e or%=—logcoa§ ; the finite eq. to the curve of the

chain. Since Z—Z =tan'£ s ot 2 = angle of the tangent’s

inclination to the horizon, which may be called 6.

When 2z = xa, y=w. Hence this is a span too large to
be crossed without exposing the chain to a temsion greater
than that assigned by hypothesis: and when z at all ap-
proaches this magnitude, y is impracticably high. Yet since

is only * logarithmic infinity,” its increase for moderately
f;r%; values of x will not be embarrassing.
e have also

ds __ z 5 _ x, z\_

Likewise

s 3 L4 3

2800 =eo+¢%; 2tanE =40 —¢ 4
‘a a .
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which entirely complete all that can be asked in the case.
z? 1 2 1 25

When—xssmall——é St  atn =

hence the osculating parabola is 2ay =z

3. Nezt, let a heavy road hang to the chain, but neglect
the vertical bars. Ifa lenith l of the roadway "with its ex-
treme load weighs w’ (which we suppose to be uniform), the

vertical tension has an additional u;orement, w’ d—; ; which

changes eq. (3) into

nearly ;

a!(:l'Z = AW+ if: ........... veeenes(42)
orif-'g’ = m,
W .
a.dy =(1+y*)dz+ mdxr.
Put 1l +m=n, -
e Y=+/n.tan —— zw/n =tand; oos"'_“a/f' =0}
the finite eq. of the chain.
The limiting span of the bridge is now
Ta
2=
Also
..1;=l+ntan":“/" : L T dy_ v Ity _ T

To compute s, put

u=tan Z¥Y"® 2~/nds=~/(1+’m,) 2du
a a 1+u?
2udu
=+ (u-? «—_
(u=?+n) TTa
Again, put
u-t4n=v-?,.-, 2vnds _ 1 dlog 1—my?

3
a v 1—no?
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or
2s /n _ l1+ovn _ l+vv/m,
a vnlog l—vvn vmlog l—vvm’

where v=3=n + cot? (z ‘a/" ) .

Since v v/n=sin §, let v/m=sin{, or tan y= vm sinz;/" :

orsinf isiny:: v/n: o/m. Then
2 =logtan (3x+36)— o / Plog tan (47+14).

4. But we ought not to neglect the vertical rods, which are
practically essential, and which theoretically introduce no
new element. Abandoning then eq. (4), or treating it as a
first approximation only, let us seek to add to it the strain
cause(f by the v;gifht of the rods.

Imagine the rods to be joined, so as to make a thin ver-
tical parapet connecting the road with the chain. Its thick-
ness at bottom must be uniform, as is the weight of the road ;
but it must get thicker as it rises higher: moreover, the
tension on every point is to be the same as in the chain.

Let 7 = thickness at bottom; then 7/ = ares of the hori-
zontal section of the parapet, which supports the weight '

of the road ; and 7 is the strain on every square unit at the
T

bottom of the parapet. But % is the strain on every square

4
unit of the chain; hence LA
7l e
. atr = me?, which deter-

Now o’ = mw, and

N]s
Qles

mines 7.

Farther: if at the horizontal distance z, and at any height
u, the thickness of the parapet be z, the increment of its
vertical weight is proportionate to zdu, which again (by hy-
pothesis) is proportionate to dz; since the parapet must get
thicker to bear the increase of strain. Thus zdu=cdz.

Integrating, and correcting so that z=7, when u=0, we

u z
get—c— log;.

cc 4
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To find ¢, observe tbat‘/‘ zdu=c (z —7): moreover, since
the parapet, like the cham, wengb m every cubic unit,

the total weight straining the parapet at the level u is %dz

+ wdx zdu ; the former term being from the road, the

el
latter from the parapet itself deneath the level w. This

weight is proportional to the area strained, i. e. to zdz. Put

then C, another constant, such that Czdr= _l_dz + wgf .

c¢(z—7); or Cz= —+ (z—'r) ; in which z may vary in-
dependently. Hence the eq. splits into two; viz. m = ;;,

C=.i‘;_. The former gives c=a ; the latter, C—-e—, This

“is as it should be; since C = ratio of weight straining, to
area stmmed

Hence ¥ = =log ;; which determines z, the thickness of the
parapet, at any height ». Where it reaches the chain, -g
] /
= Og —_—

5. Returnmg to the chain itself, observe that the incre-
ment of the vertical strain, in passing from s to s+ds, is
dW+ CZdzx:

. dy\_ t 5
..d(TE)_dW-i- L L R (5.)

which is now to be combined with (1) and (2). Eliminate
Wand T;

dy _ds 5,
dx‘z = d? +m5 .
the second differential eq. of the curve.

. ds? d y
To integrate, let é:v, cota. ‘7; =v+mss. When

L) Y
m=0, the integral is v=cs®. Put then v=X:?, and you
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get dX=2mt'£‘%, which (corrected so that when y=0,

% =1, v=1, X=1), gives as the first differential eq.

w ’
1+ & =(1+2m) e —2mec,

For a second integration, observe that if m=0, ¢ | 2

-2 v
= cos~! (¢« *). Assume, therefore, ¢ 2= cos V, and eliminate
y- Then by processes of routine you get_%'

= av = co8iV.dV _ 2dsmniV .
v(1+msec’.1V) (cos*.4V+m) «(n—sin®iV)’

Z —sin L4
2z 2

whence, correcting aright, +/ z sin
orl—¢s =n (l—oos 2) : finite eq. to the curve...... (6)

‘When :— is small, its versed sine is much smaller. If for

a moment we call it p, we have-‘; =-log(1- np)

=np+1inp?+indp®+ete.
But as n is considerable, the convergence of this is doubtful.

So also, since 22 is > 1, the development of % in series of

multiple arcs has unsatisfactory convergence; viz. if 2n
=secl,

Y- 2, 3, __aind T
.—a—logoos_v log(cosv sin’ o

=2log (2oosv)—2{oos2vcos£—-}-oos4voos 2{

+-}cosﬁvoosi—z-'ew. }

Nevertheless, this gives the area of our curve (or nearly,
of the parapet) with rather better convergence, viz.
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‘/ydz=2a.z'log(2cosv)‘

[

—2a’ co8 2V sinf — 0034V sin g._.t + 00567 sin g_etc.
a 21 a 32 a

6. Put 0 as before; or tan § = % .
Then

« X
Blna
, tanf=—u—— — 5
cos> + cos2y ooe-a"-’ + cos 2y
a

=log 1 +cos 2v

QIR

where also the denominator = 2 cos (i —v ) cos (i-]-v),
2a 2a

for convenience of logarithms.
Again, from the first differential eq.

¥y oy
sec?d=(1+2m) s *—2me ",
Moreover, we know 7' from the eq.

—t'= (l—r= Beco.

” —4 .__é — a
T d‘ m{/‘! -

TW= tanf —m ______1+cos2v ci.z-

or

cos = +cos 2y
a
To integrate, put tanzia = U, which yields

1 14 Utany
—Jog - T 7,
tan v ogl—Utanv

- Also 2 = cot 2v; hence
tuny

=tanf+ cot 2v * log

¢
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" To find the solid mass in the parapet, which i?/ 7‘ dzdudz,

b4
or/fzdudz, orfa(z’—'r)dz, orf are*dx —arz; ob-
. [ ] [ ]

serve that the integral remaining is obtainable by eq. (5) in
the form # % T‘%y— w } . Farther, observe that every

»
le?

ar=e’, mw=w’, and you find the weight of the parapet
to be

cubic unit weighs -2, and remember the relations wa=4¢,

(T%—W)—w'.%:

which indeed appears by a more direct process, namely that

which elicited eqq. (4) and (5).
Thus, weight of parapet
x
co8 ( ‘2; — v) Y
cos8 -f- <+ v)

2a

7. Lastly, to find s, the length of the chain, we may have .
recourse to functions of 4.

=cot 2v * log. ‘:_

.oz
sin —
‘We have tan =——a—-, if A= —coe 2v =L. Put
) m+1

x
cos —— h
a

H'=1—2hcos = +4?; .. socd = H + (con —h); siné
=H“.uini,cosﬂ=H"'(co;‘—t—h); + (1— A% sin? )
(which may be called A (k,0) as in elliptic integrals)
=H"! (l—hoosg). Hence we have A (k,6)—hcost
=H; after which we can solve for functions of z, and get

sin 2=sin8{A(h,0)—hcos0};
cos Z —h=cos 0 {A (h,0)—hcos b} ;
a

1—h cos% = A (h,8) {A(h,6)—hcosb}.
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Again, since sec? §db

_(1_ z\dz _ z _.\? ds _
_(l hcoe;); .(c.'.os(—z h),afda_ma,
we get
ds dz _ A (h,6)—h cos §
Z =secl. = = 2L
- se(i A sec AG0) di,
and :
s di db
—_—=f — - —_—= 6)—
a 0 cosd A 0A(h,0) FLO-RF®0)
or

= logtan ({ v+ }0)—AF (h,0);

where F is the elliptic integral of the first species.
If m=0, h=0, and we regain the formula of the first
problem.

8. When z is s0 long as to reach a landing, m vanishes.
Upon this the curve of the chain may assume advantageously
the form of the first problem, if it need to be continued any
significant length beyond: but the new curve will have a
different origin. Let z, y, 0 have the values z,, y,, 0, at the
landing, and the chain be continued beyond. Put tan b,

sin ?

from the original curve;=tan ;i, in the

Zo_

a m+1
new curve, and determine 2 from z, Also % = —log.
. o0s T whenoe 3’ is known. It is easy to see that 2,y are
greater than z,, y,; hence the origin of the new curve is
thrust back and depressed by the distances (z'—=z)(y'—y)
which are easy to calculate.






