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V, " On l)eterminants, better called Dliurinants." By Pro-

f'essor llrt,r"Ncrs l{nrvnraw, ]\t[.A. Cornmunicated by l)r.

Booru, l'.l i.S. &c, Iteceivcd l\,{arch 6, I857"

(Abstract.)

l. This paper aiinecl at recomrnending the intl'oduction into ele-

mentary trentises of the doctrine of Determinants; lvhich, fbllowing

Professor Boole, it called E[,inzinants, ft exernplified t]re great aid

to the ???,etnory rvhich the nottrtion rrfforcls. It unclertook t,o shorv,

that if only so muclr. of nerv notation be used, as is neecled in ele-

mentary applications, the subject becolres full as easy as the sccond

part of algebra. The method of proccecling recornlnerrclecl nray be

unclerstoocl by the follor,ving concise statemcnt..

If n linear eqq. are given, connecting rz unknor.r,n quantities ; and

every eq. is represented by A,tr{- l1' tr :*C,.re+. .  .*N,r,, :P,.(rvhcre

r is l, 2, 3 ,,, ?r in the several eqq.), then, solving frlr ant' oue of the
unknorvns, we of course obtaiir a result of thc form nutr:a,. Vcry

simple considerations then show, that m and a will be integer furzc-
tions of tlr,e cofficierzts z nnmely, it is easy to prove, that y' this is

trtre for one nllmber n, it must needs be true also for the number

(z* l) ; and consequently is generally truc. Next, the same ana-

lysis exhibits, that m:0, is the result obtained, when P P, Pu ... P,, all

vanish : moreover, that if the system presentecl for solution be the
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rn adapting the theory to the proo f of elementar)/ propositions, as,in forming the Product af two Elimina'ts, the paper urgetl the uti-lity of the principle, that every Elirninant is o linei, function oif anyo?,e o;f its eolurnns, ancl also , o,f any one of its ?,o?ns;_which prin_ciple may often be so appriecl as to show by inspection, d, priori,t6at
certain constituents ale excluded from this aird that fu'ction, an4thus enable us to obtain its value by assuming arlritrary 'alues forsuch constituents. rt deprecatecl (at least for elementary uses) thettotations used by 1\{r. Spottiswoode {' ancl others, not o'ly as invol-
ving needless novelty tr.r rearners, but becanse ,ro 

tp*g, 
,u, u" rrr.raenough to afforr} to write

(1, 2)(1, I ),+ (2, Z)(r, Z), + (3, z)(r, .3), insrearl
and because accents, so related, are harcl to see
the general aspect of every erement is so like that
ment, that the fatigue of reacling sgon rreconres
tolerable.

of BX + t)Y + fiL,
in a full page, and
of every other ele-
confusing and in-

2' But the main topic of the paper was to advocate the use of
Dliminants in Gcometry of three ,limensions, especially in every
systematie treatise on Surfaces of the Seconcl Degree. yarious illus-
trations and' resrrlts were given, which the r,vriter believecl to be new ;'n which account, some of them may be briefly noticecl, here.

Problern. "'l'o fincl trre rength of a perpendicular ', 6ropt frorn a
givenpoint  (obc) ,on to a g ivenplune Is*nty*rzz{7t :0;  r ,vhen
the axes are oblique, and the cosines of the a'gles (ay) (*r)(yz) aretgiuen;  v iz , -D,  D,  F. , '

Result. 'Iake G ancl H to repr.eserrt eliminants

G:
IDE
l l lF
nFl

and FI -

D n- l
I  F -nL
F l -n
? n n  0

the

I
D
n
t

then p is known fronr the eq.

p +/II- (lo * rnb * nc +p) ,/ G.'When 
p is given, this eq. determine s the relations between I m n p,

which are the test, that the plane may touch a splere gio*r,-;n
position.

* It may he right to state, that ilIr. Newnran opeued the paper hy a grateful and
honourable recog'ition of Mr. spottisrvoode's labours.

yol , .  v l r r ,  Z r (



Ar? +By' * Ce' { ZAra * 2BzT { tO're

l2Dry * ZEw * ZFyz * G:0 (axes oblique).

and \Y:

ADEA,
DBF82
l i lFCC.z
A, B, Cr. G

the common treatises (only without this notation) it is shown that

when V is finite, the surface (if real) has a centre. It is here ailded,

that when W is negative, the curvatttre is cvcryrvltere towards the

s&me sicle of the tangent plane ; wheu \Ir vauishes, the taugent plane

coincicles rvith the surface in one straight line; but when \Y is posi-

tive, the surfaee is cut by the tangent lllane in trvo intersecting

straight lines, and the curvature bentls partly torvards one sicle of the

" tangent plane, partly towards the other.

Hence it appears that rve have differeut sorts of surfaces, by com-

bining V-0 or V-finite, with \\r-0 or 
'!['=-positive, 

oI 
'W:nega-

tive.
Tlre locus is irnag'inary, if W is >0, A and' B finite, CG-Cr'=00

>() .and C

i The locus is degenerate,

and i f  V:0,

aEA,
ECC,
A2CzG

-0 ,

vanish, and if at the sallle time

Problem. To investigate the

thc surfnce.
.Resu,lt. If the ctttting Plarre

if of ABC one gtt least (as C) be firrite,

Bl 'Bs
FCC,
82C2G

D-0, ancl  D :  F :  C":2Ar:  28, :  G.
uature of the plane intersections of

be la: + nry { rtt section is

Problem,
general eq.

To analvsc the
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forms assumcd by the locus of thc

Ilesult. Let V:

AEA2
EC C2

A2C2G

ADE
DtsF
NFC

*P:0, the

ADET
DBFtn
] fFCn
l ,mno

; then in

:S :  o l  i f  ; \BC a l l

a hyperbola, parahola or

tive, zefot or negatit'e"

ellipse, accorclirlg as is posi-
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I'lre intersection degenerates, if

A D E A, [
D B r  Brm
D F C ( ) rn

A,B,C,G T
lmnpo

In a lloll-ccntric surface, rvhere \r:0, lve readily firrrl that the
fbt'mer of these elinrinants has the same sign as (D2-r\I3) ; and corl-
scqueutly, that non-centric surfaces carrnot have sections of opposite
species. It also appears, that to detcrmine in a non-centric surface
the parabolic sections, 1ve must take I nz n, such as to verify one of
the three eqq.

:0 .

--= 0, .- (), -0 .

Problent,. 'fo cletermine the circular sections, when they exist,
Resu.lt. Take the larger question, of aseertaining vrhen two sur-

faces of the sccoud degrcc iutcrscct in a plane curve. l)enote the
coetficients of the socond surface by acccnts. Put q,:!Lp-At;

ADN
DBF
lm ,n

ADE
I n z ? t

EFC

l r n , n

DRF
EFC

:0;

:  y .

only necessary

oblique axes)

p:Bp-I}t  ;  y=Cp-Cr; &c. and determine pby the eq.

a. .) €

Dt3a
€AY

which involves p in the third clegrec,

Then I m n rvill be determiued (rvhen the surds &re real) b.y the
proportion

I : m i lx: { (o, *&i* e : { (Vr-fi i +,1,

To apply this to the problem of circular sections, it is
to suppose the seconcl surface to be a sphere.

The surface becomes one of Revolution, if lwittr
either system of three eqq. is fulfilled :

f  ( t)  
"13:3',  

&y:e',  9y:9',
L (2) ag:De, pe : g), yD: e;f .

If out of each triplet we eliminate p2 and p, (for it seems easiest to
treat thesc as inrlepenrlent variables,) the result is two eqq. (expres-
sible by eliminants), which are thc tu'o general conclitions for a sur-
face of revolution.

2rc2
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I'roblern, 'lo fincl the system of rectangular conjugates, This of
course is carclinal, and is treated everywhcrc : but is made far erasier
by ltrliminants, as follows. Let us inquire after t'hat diameter, crirn-
mon to two giaen coneerfiric su,ffiees, wluich shall ltaae its conjttgate

.planes the same for both,
Take the centre for the origin, and n:rnn, y:.??.8 for the common

cliameter sought. Then the central planes conjugate to it in the two
surfaces are

(Lm,tDn,{E)r * (Dre * Bm *Lr)y* (}-}a l Fre * C)e:0 l
(Ltm *D'nf l l/)a * (Dtm {Rtra+ Ir')y * (!\trn, *F'n+ 0')" - 0 , J
To identify tirese trvo planes, let

Ane *Dz 1 E \)nz *Bru a F
N'tn +T.lr1-fl 

: 
il* + Fin anq 

:
or

snz *Da * e: Srie + Fn* g: ern I gn * y:0.

Eliminate rn, rz, and. you fincl that p is to be determined by the very
same eq. as in the prececling; and since its eq. is of the thircl clc-
gree, it has ahvays one real value.

l{ext, let the second surface be a sphere, and. you fincl at least one
tliameter of the first surface Tter,gteradicu,lar to its conjugatc plane.
Illalre this diameter the axis of u, ancl take for the axes of y and, z
tlre two gtri,ncdpat diameters of the scction in the conjugate plane.
Then p - 0, E - 0, F:0 ; so that the general eq. is reducecl to
Ars +.By'*Cz2+ G:$. Nloreover, the system of axes is now rect-
angular I hence the axis of y, ancl that of e, equally r,vith that of a,
are each perpenclicular to its conjugate plane, ancl the ec1. for p must
have three real roots, corresponding to these three axes,

W'e might similarly investigate '( the con{itions of contact for two
concentric surfaces ; " which, when one of them is a sphere, gives the
cubic whose roots are a,2, b', c', principal axes of an Ellipsoid,

Problenz. To discuss the results. of . Tangential Co-o7din6tes.
[This expression is employed as by Dr. James Booth i1 an original
tract on the sutrject.]

Ptrt P:Ar * Dy +Eaf r\,
Q:Da f liy* Fa f I3,

Hm*Fru*C
l l tm* I /n* Ct-

R:Ha*tsy+ Ca{C,
S=:rlra *Bzl/ *Crz-F G

I
-t

P

Tlren Pr+Qy+Re*S:0 is the eq. to the sprface, anrl put*e,/l
+ R"ta s - 0 is the e(1. to the ta'gent plnne at (ryr). He'ce if
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r:'ytzt are the thrce tangential co-ordinates (or intercepts cut frorn the

co-ordinate axes bv the tangent plane) rve havc Pu' +S:0, W' +S::0'
I l r '+S-0. Let E rt  z be the recipr.oculs of * '  y '  , ' .  ' Ihen P+{S:0,

Q+r iS:0,  R+(S:0;  and the eq.  to the sur face becomes Ex*nA
* tz- l:0. Il,estore fbr PQR their etluivalents ; then elirninating
ayzS you gct

ADnAzt '
D B F  I3 rn

E F  C C2(
A2 B '  C '  G- t

E r (-r  o

:0 ;

general eq. to the surface, with a,xes oblique.
If the last eq. (developeil) be represented by

a,E' + b rf + c (' + 2a24 * 2 b za * 2 c r( * 2 dEn + 2 eE ( * z"fn ( * g : 0,

it is not, difficult to obtain a system of eqq. in which abc...\q( play
the same part, as just before did ABC.,. fiyz, IMhence again we have

ed

d l )
e f
uz (),

uy

e  a 2 &

" f  bzy
c c n g

c 2  g * L

z - l  0

:0 ;

which is the orighwl eq. of the surface under the form of an Dlimi-
tIAItt.

Thc most arduous problems (as l)r. Jarnes lJooth has shown) are
often facilitatcd by these co-ordinatcs ; but rvithout Eliurinants, the
eqq. cannot be treated generally and simply.

The paper likewise contained the application of llliminants to tan-
gential co-ordinates in Curves of the Second. I)egree ; and urgetl that
eliminants ought to be introduced into the general treatnrent of these
curyes also, if only in order to accustom the learrler to their use and
gain uniformity of method. Thus, if the general eq. be

I\nz +I\y' + C *ZEu *ZFy + G-0,

then Y-0 is the test of degeneracy.




