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Greometry without 42ioms. By T. Perronet Thompron, Queen's College,
Cembridge. Fourth Edition, 15335,

Tne stody of Geometry, rising, like most other sciences, oot of wtility,
was at a very early period fized uwpon for its value 28 an exercive of the
reasoning powers: nor has all the brillia.cy of modern anaivsis ever dis-
piaced the carlier science from its clsim to pre-eminemce in this respect.
Not as thoagh its reasonings were more rigorouvs than those of Algebnaic
Mathematics, nor as though the latter did not vastly sarpass the former in
the efforts of inventive genias and subtle discussion : but becsuse the sub-
Ject on which Geometry treats is far more popular in its character, than
any of the kigher branches of Analysis ean be made, But few can afford
the time aod application needed to master these latter, may, to gain an
apprehension even of the definitions, so far as to comceive the spirit f
the method : while al! have a more or less accurate notion of spheres and
cubes, angles and distances. The subject matter iy familiae, (if it be ot
treated as such) and, like the first principles of Algebraic equations, affords
2 wethed of calling the sttention to acenrate processes of ressoning ; with-
out 8o filling the youny studewt’s time, as thauyh all were to be professed
mathematiciavs. .

When soch is the object for which Geometry is persved,—wot for the
sake of its resuits, but for the rake of its precesses,—we camnot essily be
bypercritical vpon the soundness of the reasaning. That which wouid be
mere cavilling, in review of & practical treatise, may eonstitute valid objee-
tion against a trestive which is proposed as a mec'sl of perfect reesoning.
1n such case, if the link of the argument Le broken, the error or defect
should 8¢ svowed. To hush wp the matter, and pawn off imperfectiy con-
nerted propositions 3y demonstratively proved, is liks training a stodent in
the habit of swothering hie donbts, snd taking nvoof for graated, Perbups
iw this matter geometers have heon far less bomest than they should bave
been. It is certuinly strange, that whem geomerrice/, s opposed to mme-
Iyticel, is popelarly spprebended to moaa rigorews as opposed to /er;
pesibly 50 algebraic trestises have flaws 50 fondamental as those which
exist in the common elements of Geometry, And what is worst, geometers
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are prone to disguise their ireapacity to prove what they ought to prove,
wnder the specious name of axioms, which they allege to be self-cvident
truths.

A very slight reflection must show every man whe opens a geometrical
treatise, how many propositions are demonstrated by geometers, which are
yet to him quite as self-evident as those which they style axioms : there-
fore he will at least expect some reason assigned, why some more than
others should b thus designated. Rut it needs no great insight inte the
matler, to perceive farther, that the setting wp of axiows is & mere ofler-
thought : that is, no geometer ealls a proposition seif-evident, becsuse be
intuitively discerned it; hut because, after trying, he failed te prove it.
Further: it is easy to see, that of balf a dozen propositions equally seif-
evident, the geometer selects arhitrarily which shall be his axiom : one will
do as well as another ; but one or other be mest bave. This appears ox-
ceedingly Kie a petitic prineipii. 1f done spenly, with sn svownl that

shonld not be 30, the studeat hray fair wareing s bt when all is sovugried -

under fne wards, aviows, povtoiates, seif-evident troths, &ec. a mist is
thrown over the principles of abstract sciesce, and false philosophy is so
far inculcated, .

The euly circomstance vader which there sppeary the leust pretence for
axioms, is, when a definition i wotoriously in defect. We ali kvow that
there mest be some stop to defining. [t we be m'od te define the terms
of our definitions, the matter may be poshed back snd beck, tifl we ary in
inextiicable confusion. We are thew tn expect terme which involve ideas
30 easy and 30 primary, ss that he whe alleges them to be incapahls of
defmition, will say sothing wnplassidie. We weeld give in illustration the
words Quaatity sad Equal. [{ o mathematicisn finds it pocessary to reject
all the definitions that are offererd of these words, on the ground that the
worde themselves secur in the very definitions alleged; be muy thisk
himself forced into another track, vie. te lay down a set of propositions
concerning the wervds in question, [2s, quantities which sre enual to the
sawe ave oqusl to ome another, &c.] which propositions, taken together,
shall adequately restrict end eettie the meaniag of the words. [a this view,
» set of axioms are sebetituted for a definition, precinely as a set of furc-
tional equations for the explicit declaration of a fwoction. Thus, if the
defining of Napier's logarithms were attended with amy difficuity, the two
follywing arioms would amount to a definition.

Jogr 4 logy == log/ey)....forallvaluenof s & y..ond
tog. 2:7182818 = 1.

Bat of course we are here beset by the difficalty of determinine, A priori,
whether we have given too much data for the result; or in algebraic lam-
gage, whether our cquations have & possible solution. And this objection
renders it quite mmprofitadble to adopt axioms concerning any thing that is
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shortly to be assumed as in substantive existence : for we have afterwards
a ww process to secare ourselves from fullazy. Thus, though we ray, if
we pleare, usc axiors to fix and aecertain the idea of straighiness, it will
remain to he proved that therc is betwecn every two points one line and
oue onl: conceivable, to have tl.2 property of straightuess,

Rnt when n geometer professes to define all his terms, he has not the
shadow of a pretence to put furthh axioms. If the definitions arc seund,
they are infallibly adequate to prove all truths essentially counected with
them. H the definitivng he inadequate,~—descriptions rather than defini-
tions, —it should be avowed. Indeed tle words Equat and Quantity are
not oroinavily dcfacd by geometers; hence tiie axioms whiclk reiate to
these terms are bearable enough : (though they belung to the earlier theory
of Quantity and Number, on which all Mathematics is based ; and not
speciaily to Geometry :} but those axioms which involve the terms line,
angle, straight, &c. are nothing but unwarraatable assumptions, as all
these have been (ill or well) dchined.

1t is easy to see the analogy between axicws in pure science and laws
in mixed science. "The ouly reason why » treatise on Hydrostatics needs
to be based on the experimental Jaws of fluids, i1s beravse the writer can-
not or will not give a definition of Zuidity. T{ he does give a Jefinition, he
turns his treatise into pure science; but it is possible then that he is
amusing himself with writing on that which does not exist. A metaphy-
sician might yet arise amopg us, who shounid not unplausibly maintain, that
Geometry, thonrh it treat not of substantial bodies, yet as it treats of
space, whirh is a something with which we have acquairtance through the
senses, ought philosophicaliy to be regarded as une of the mired sciences.
Such 2 one would not be inconsistent in making simple experiments the
basis of his reasoming. and hic justificstion would be in this, that the
words gpace or solidity are nndefined or illdefined : a circuiastance which
seems most iemarkably to escape notice.

We are led to the followiry observations hy the perusal of the little
book which is named at the head of this article. Tihe number of past
fruitiess attempes to get rid of ths twelfth axiom of Euclid, cught not to
make us look with contempt on new efforts, until some oue hus shown that
it canmot be proved. Bat cur present auihor, ia his fourth edition, which
we have befnre us, has not confined himself to the mnch vexed question of
parallelism : he has spent much Jabour oa the definitions of the straight
line and plane. And what gives new interest to uin treatise is, that lie
has set out on an ertively original method, making the discussion of certain
propertics of the sphere precede the definition of the straight line and
piene. Tlis makes the book gecnliarly worthy of notice, whatever judg-
meut be formed of it: and we prepose to ect before onr readers some
acconnt of his obisct and mcthod, hefore waking our own remarks on the
execution.
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The object proposed is to prefix or insert propositions to the firat book
of Euclid, in such wize as to make the argrment continuously logical, with-
ont emploving avioms. The defects are manifest. A straizht Dine it defined
indeed by Eaclid, but so defined us to be nowise cleaver than hefere ; and
Enciid binself never appeals (o the defimition, but to kis axioms  'T'his is
a less gnilty fallacy than that involied in his definition of the plane, in
which an assamption is smngeled ; since he proposes more than cnangh
datn for the peneration of the plane surface. To remedy this, Mr. Thomp-
som has an * intercalary Book,” or mere properly, an * Introductory
Dook,” ending in the estublishment of that property of the plane, which
brings us from ou: airy flights on to the terra firma of plane Gicometry.
He proceeds to dowetzil the rotten parts of Fuclid’s firet Look, Lut of
course with the twslith axinm chiefly in view. After various minor flru-
rishes, he concludcs in an appendix by summing up and refoting all other
proofs that have been offered of the main principle of paraliels.

His mode of proceeding is as follows.—Equality of distance is deter-
mined by means of suprapusition of points. even before the straight lire is
defined : it is then easy te define = sphere,  He proceeds to prove his 4rst
important proposition, that spheres towching externalln touch only in a
single point, It readily follows that this point fiee enenly between the
centres : that is, turus about itseif without change of place, il the two
spheres being united as one mass revolve together about the two centres.,
Mr. 'I'. does not unse the wnrd evenly ; bnt it is very appropriate; and, so
explained, makes Eoclid's definition of a straight line adequate.  {Sech is
pearly Mr. Leslie's view.) It follows, that by altering the sise of the
spheres in contact, the puint of contact i man< to generate a path, con-
necting the centres, every pcint of which lies evenly betwixt the ceatres ;
and this is calied a straight line. Qut of this definition instentiy flow ail
the primary properties of the straight line. Mr., T. labeurs nc..ccessarily
at them,

"The second proposition uf difficulty is, to show that intereecting spherical
surfaces coincide only in @ circle ; which is virtually equiv=lent to Euc). [. 8.

that the angles of a triangle are determined when the lengths of the sides
are given,

Hi: third d'ficalt proposiiion is to generate a plane, and to show that

bhis plave has the propertv which Duclid makes its definition. And so evd-
the Intercalary Book,

There is moreover introduced intn Eaclid’s First Bouk, to prove the
twelfth axiom, fi#eer pages of cluse print, in this fourth cdition. Dingrams
occnpy a portion of the pages, and our anthor's style is that of over fult
reasoping ; leaving not even the very obvious steps mnd reasons to be
supptied. The quantity of matter is not therefore so formidabie as roight
appear : yet we must cal! it very hard and unreaduble. The proposition
however which he is aiming to establish, is this: that “if the angles at
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the base of & tessera be acute, ihe angles opposite to the base are not
right.” We should add, thar by a tessere he understands, a trapezium
which has a diameter perpcadicular to one of its sides.

We have now to remurk on the character of his reasoning, in these his
four muin propositions. The first of them has foor cases; that spheres
canrot touch externally, neither in a surface, nor in a sclf-rejoining line,
nor in an open line, nor in isointad points, The procl of the first case i3
virtua!ly grecunded oa the priaciple, (we fear we ought to sav azem !} that
if any portion, however small, of a body's surfuce be immoveable,—as if
for instance it be glned down to annther zrrface that is immoveable,—no
oscillating motion, however small, is conceivable in the former. We suos-
rect Mr. T. woold have hantered f.e Gendre very clcvcrly for any such
sssumption, telling him that for anght he knew, an axis of rotation might
kave breadeh, i@ it ever ocenr to Mr. T. to inquire whethcr he could
prove that it cannot?  We do not «ny he cannot : but if he can, it shonld
be prominent : while 2t preseut he labours lLard in giving reasons where
we want none, and hers he dnes not at all clearly tell his reader what be
is assuming, or why, We had written various obijections to the proof of
the three remajning cases: wherein we exceedingly disavprove of the
vague and aven nnintelligible langnage of ahove and be/ow, before we have
defiuest straighe line or plane, and whea they cannot he changed into * this
and that sxr’e of such aud such a surface ;" and equally do we Aisapprove
of his arguing that *“the lice D cannot ton ite face (/) to ail srdes in
succession withou® rhange of place ;” more especialiy when he bas not yet
proved that C D may not be such a line as we afterwurds czil straighe.
His last case 1s proved only when tiicie are fwe isolatsd points, and fails
when there are three. We had accomnlated vet more ahjections, wien we
met with the Quarterly Journal of Education, No, XII1., in which it is
reinarked that the proof applizs quite as well to intersecting spheres, as to
spheres in contact. This remark is ohviously and instantly fatal to the
Jast three cases: Lot we think slight verbal chunges would enahle the first
to evade the charge.

We are sorry to think the failare of this proof is so dacisive: for the
proposition is to ns the most interesting in the book. It seems an original
thaught to prove dircetly from first principles, that the external contact of
spheres is but 1u one point; and we are not at Il in despair that it may
te done : brt if done, it must be done by perspicaces and easy proof, or
we tha'l rot value it. Qut of rhis propozition instantly Rows the inference,
(which we arc sarprised at Mr. T.'s not drawiug) that a strright Foe i3 the
shortest betweer two points, and i« tharafare the messure of distance. For
it i3 manifest that no line connectine the centres can be the shortest, (or
as skort as any) unless it pierce both sarfaces 1n the point of oontact. Bur
while we think that Mr.'T. Las decided!= fail~d of proving bis preposition,
he has usefnily set forth what i3 meant by three or more points lying erenly,
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and exlled us to consider whether the early introduction of the spliere would
not tend to perfect the doctiine of the straight line.

On his second main proposition, (his cleventli) we have to remark similar
defects as in the former, It bas two eascs, of which the former is doubtfully
provecd : the latter we think is certainly not proved: for he does not show
that the points M, N, O, P may not he in one straight line; and this is es-
sential to the proof, if we rightly gaderstand it.  Yet we confess it is very
hard; so hard as to male us doubt every thing; where * deed all the
hypntheses are so monstrous, that the mind is bewildered in the midst
of so many false lights. When it is hard to say what i< mars manifestls
absurd than what, the reductio ad absvrdum is a most dangerous proof ;
needing a perpetual effort of most puinful vigilance, even from piactised
mathemalicians.

His third main proposition is satisfactory, thongh excessively tedions,
Bat in fact, there is no difficulty at all in the doctriuc of the plaiie, 50 snon
as Euclid L. 8, has been established ; which iz virtnally Mr. T g eleventh
proposition, just noticed. Feor if a right angle be first dcfived, (which is
not difficnl.) we may generate a plane by supposing one ieg oi the angle
fixed while the other revoives round it; then the genera! property of the
plane is readily established by a method analogous to Eacl. X1. 4.

We now feel onrselves bound to attempt to convey to our readers some
notion of hia method of trcating parallels, the mare especirity as other
revicwers deciine the task, which is not an easy one  Auxious to dec him
justice, we have dilig=ntly stadied what he rightly, but fannily calls, * the

, pinch and nip” of the argawent, and we would {uin pot to him some vred
; vace questious, where the slipperr materials appear (o chide the grsp of
onr forreps. Ve shall, withoat apology, throw his matter into tie lwrw
| that strikes us as most intelligible to our readers.

Conceire the equal angles L A I3,
AP S in a given plane, which may
be taken »o smail as that AR, B S
meet towards R and 5 : shile if they
be right anc'es, we know that A K,
B S will meet neither wav. The -
question tn be decuiea is, whether
they will certainty meet, if the angles
be ever 2o little lmss than right angles.

I7 porsibla, et it be otherwise, (for
precision, we might suppose the angle
the leost possibile, coneistently with
M X the condition of the lines not meet-
ng.} Sappcse the systein to turn
about B 8, till R A B imprints its
counterpart T C B on the planc, at tie opposite side o] B S, Sinitorly
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we may prodoce the systems TCD U, UDEV,VEF W WFPFGX..
&ec., ad infin.—3ll connterparts of the first, It follows.also that C T never
meets B 8, nor does ID U meet CT', nor £ V neet DT, &e.. . so that a_for-
tiori, no line in the series as F W or G X can meet A R. Thit puts the
sheurdity of the original supposition in a striking lipht before the eves : but
this is not to give reasons for the thing. Let now M N be perpendicular
to AM. Itisthen easy to tzke the distance A M so short, that M N may
meet the crocked path ; bot if A M be great, it is aot sc obvious that ti.s
will bappen. In reality we know it will not; for we know that that path
will beud rownd and cross A R—-but this is exclnded by hypathesis —so
that the argoment is a dilemma ; either the path shall cross A R, and then
all we want to prove is conceded ; efse, however distant M may he, | sav,
M N shall meet the path. Here is the pinch and nip! “For else, let AM
be the least distance such that M N does not meet it. Then A G, M N
zre infinite lines asymptotic to each other ; of which the latter is ctraight
and the former is conver towards the latier, which is absnrd.” Thns we
have ventared to supply our author's reasoming. It seems to us, that
the effect of his labours is to reducs the twellth axiom of Euciid to
another much more obvious, and which perhaps may be proved, but which
nevertheless he has not proved ; that ““a crooked line eannot turn its con-
veaity towards a straight line which is newmpeotic to it.”  If tbis he granted
him, he proves that any tessern ABBa (cntof from ARand B S, Aa=
3 3, and join a 3] which has the angles at A and B acnte, cannot have the
angles »t a and 3 right; which leada by easy steps to Luclids twelfth
uxivm. e conceive he is still engaged with the second part of the di-
lemma. Eitker the crocked path meets A R, and 50 the tweifth axiom ia
granted ontright: else he proves this aud that about the tessera, whence
ulimately the twelfth axiom is still made to follow. 1f we be ripht, Mr.
T. oaght not te have isolated his propositions as he has done.

And thiy strikes ue as a sufficient reply to tne startling ohiection of an
ingerions reviewer,” that for any disproof which Mr. T, has ofeced, the
pout D might coincide with A, E with B, F with C, &c.....for &/l con-
ceirnbie valucs of the angle and length.  We are not sorprised that My, T,
did not ieresee so extraordinary a thought, and we gve credit to oor con-
temporary for the inventiveness of it.  Doubtless it wovld vitinte all Mr,
T.’s after-reasoning : hut it woald smount to a direct concession of all ths
ke is seeking to prove; viz. that the path mnat mest A R a second time.
The ohjectiou however was jost, as levelled agaivst a propesition, which
cught not to stand (we conreive) as a positive trath, hint us on a hypothesis
ati’'l kept up Till the chair of argnment is complete. The reviewer, thorsh
acnte end clear, had evidcntly a strong prepassession spainst the possilsility
of My: T.'s suceess : and was deteried from reading further, when he met

* Quarteriy Jowrnal of Education, No. XT7T,
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mch & fallacy.  We believe the tedium of Mr. T.'s proofs was the true
distaasier with him, and we achaowledge the power of such a sedative.
T2 atte.npt to prove that a line eannot turn

B"/'S a convex front towards its seympiote, leads
» /s directly to th.e consideration of deficctinus and
v’ . . . .
/ deviations. Some of our readers MRy exercise
rd . . . . . N
- 11; - their wits ia confirming or disproving the fol-

lowing :~=If & point P describes a line A P B

which perpetoally deflects from the tangent towards the same side, and

ART, RPS are tangents ot A and P, it is ordinary to assnme the <

SRT as the measare of the total deflection performed through the arc

A F: and this, by reasoning from first principles, without any reference to

the doctrine of paralic! lines. s this warrantable or onwarrantable ?

» © Now consider a similar case. lLet A B C be

/ /Q any triangle : proloang ABto D : [ say, the <

', CRBD==<A+<C. ForletR A, BC, AC

be prolonged to E, F, G : and let any point P

- desciibe the cronked path £ A C F. It makes

r «. M A the deviation G A D, and at C the devia-

¥ A b D tion F € G; and in the rest of its motion does

not deviate at all. But in describing C F, it is manifest that it has deviated

from the straight line E A P by the angle F B D; therefors,® since the

tntal deviation is epual to the sum of the partial deviations, the <F B D=

<GAB+<FCG;or <CBN—=<CAPER+<ACB: which was to be
proved.

We are sare Mr. T. world desive no mercy shown to any of his proofs,
but only fair play. Indeed he bandles his antagonists very ronghly ; (for
all bis predecessors in the attemnt tn <olve the problem of paraliels apnear
ay lLis artagonists) : and to say the troth, we do not zdmire the decision
with whick Le puts his extinguisher (in Lis Appendix) on some attempts
which have much interest for us, as hopeful and adwmitting improvement.
We do not assent (v his condemaation of M. Bertrand's nroof.  Bat we
especially have in visw Legendre's analytical proof,—not that we approve
the introduetion of algebraic considerations ;—we speak of the fandamental-
principle, which, to say the truta, Mr. T. seems to us ot at all to under-
stand.  Jrdeed ke hin<elf comnlaine, thet when they insist on the '* angie
bemng a portion of a finite whnle; and the straight line, of an infinite
whoie ;—there is no resmnable or demonstrated connexion between the

-~
5

! * Playfair's proof assnmes more than thiv; viz.
e L “that the total deviation in a scif-reicining lipe is
] N four right nnglex; which seems cqutivalent to as-

sun:ing ontright what he Is proving, that the four
! emw Onterior angies of any fgme toscther equal fonr
rizht angles.  Yet it mav furnieh aupoestions,
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facts alleged, and the couvsequences assigned to them.” Wonld Mr. I'.
¢xcuse our attemrt to clear the reasoning 2 as we think the wetaphysical
guestion werthy of attention, and moreover sinry it is very easy to dedoce
from it all that we desire, withont appealing to algebrnic notions. We
conceive the urg imeat to stand thns :—* Lincs cannot be cnlealatad from
angles alone . rox when angles are piven, no linear onit ie hereby given,
It is oBIECTED that this proves ton much ; for when lines alone are given,
no angular unit is Fereby nssigned ; yet angles mav be hence calculated.
We rErLyY, Not so; of angles there is an extreme talve, viz. the spm of
two right angles; which, for any thing which « priori we know to the
contrary, might virtually furnish an angular unit; and thia A posterinei we
positively know to he the case: but contrariwise, a straight line has no
maxiwum or minimow value, Tle cases them are not parailel, and the
ohjection falls to the grownd.™ Whether the origina! sigument be vahd, is
to be considercd aguin; but assuredly the reply which Mr. T. thinks so
little to the purpose, is directed very accarately agaivst his msuperable
ohjcction. But he, as Mr, Leslie, seems to have much spite peainst this
principle.  That lines cennot he ealentated from angles, is a proposition
notoriously true ; and the trath of which we read’ly learn, without wading
through the properties of triamples. Why shovld he be incredulous as o
the possibility of giving & direct demonstration of it from first principles?

But he mects us on another ground : “ The mlrtential tfarence,” savy
he, “ is, that they bave confounded the quantitics whick Faclid in his book
of Data would call givem, with the quantities which mast be emplaved as
2lemeuts in actual cnlcolation.”  And here Mr. T. himaelf makes a great
blunder: and we are dispaced to think he has more acateness in dctail,
than soand philosophica!l views of the science. iy very example mignt
have confuted him. If a, 6, ¢, are the sides of & triangte and A, B, C tte
opposice angles: we know ¢ is determined when a, b, C are wiven, * Yet,”
argues Le, “ ¢ must be collected from the formuln—

A-R c—»é) P
tan -—% gl ty 114
2 \a+4b " ( o

Here sturt un amorg the practical elemencs of the cxlcolation tas straighs
himes in the shape of the tangonts of twa arcs,” &c.  He wosll seem to
forget thot c is at orce determined by the formula—

—— ey
=/ 24 245 — C T e - )
‘ e + “ (‘ va ¥ oyes e

but to found an objection to Legendre’s reasoming, on the idea tyat th.e
tangents and the cosines in the tables are straight river, is troly extraor.
divary—as though any linea: unit vere determived by them,  With equal
want of consideration he comnares a byperbolic are with a straight line, s«
though *“ new elcments, such ag maior and miner ares micht start up in the



4 -SEP-2007 18:20

Review of T, P. Thompson's (renmetry without Avicms. 77

case of the straizht jine.”  He forgets that we afreody know a straight line
of unimited iength to be determired by any twa points in it Give five
points in a hyperbola, which is only just enouch, and we shall find no
“ new elcinentis start up.”  But in fact .o~ distinetion betweecn the daca
which determize the volne of quantities and the elements whence thosc
values are caleniated, is ntterly unterable and unphilosophiral,  Nuppose
the central angic of an elliptical sector is given, und the nyes of the eltinse:
if these are enough data to fir the length of the arc, then they are sufcient
elements for i3 calenlation, however many he the intermediate shifts by
which the ultiinate result is obtained.  If Me. T. can disprove this, he will
give a fatal biow to the whole of the modern analvsis.  This is in fact its

JSurdamental princinle, wherever we reason conccrping functions whose

form is as yet unknowr,

Before quittiug this head, we will show how conciselv the doctrine of
Parailels may be proved fiom the principle that “ linves cannot be calenlated
(vor therefore be dctermined) by ancles alone.” Let A R, C D be each
perpundicelar to A C; and let A F divide the

ér-—-- e ~ angle C A B, If then A E, however far prolonged,

\“‘*E does not meet C D, shorten the distance A C, and
S B it 1s maonifest that there is some least distance
s A F, in which C D, coming into the position F G,

(stili perpendicular to A C) iz a troe nsvmptote to
A E. Then the distance A F is determinate : yet there are no data to fix
it Lut the nangles =t A, which is =hsurd,

To remark generally on Mr. T.'s philosophy ; while he aims st exceeding
precision, we often find him lax, or as we judge, erroneous. He has re-
tained the ol definition of a solid, ** that which hes lengtA, breadth, and
thickness”—containing three werds positively enintelligible till we con-
ceive of thiee rcctangular axes.  His Jefinition of equality is exceedingly
guestionable, as it involves us in the well-known paradex, that as a circular
area, however cut np, would pevsr fit into a square, therefore no square
can be eiual to a circle. Yet it is on this definition that he rerte for
abolizhing ail the axioms that are not specislly peometrical. He indeed
assumes that “ ali surfaces are of one xind.” as regards magnitude ; withont
commenting cn the difficalty. We have slreadv courplained of the laxity
of above avd delow, and of the faces of @ line that moyv be straivht, or may
have double cusvature, for anght we know., e disapprove also of his
defining an angle to be a plave sarface, when he reprebates all inferences
drawn from 1t. ** Ail references,” says he, “ tc the equality of wagnitode
of infinite aveas, are intrinsically paralogiems.” We are not at all coo-
vinced ef this. Yect if an angle be a surface, it is ar infinite gurface : and
when one aungle 13 s5id to be doubie of another, it must mean that cne
infinite sarface is doable of another infinite surface. It is surprising that
he shovld think any thing gained by the change. In his Appendix, how-
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ever, we were chiefly startled by the inconsistency of a passage which
seeros to show that ke regards Geometry, as a science whose elements mav
possibly depend on the planetary system. He asks how we could tell a
priori that * Nature,” instead of making the angles of a triangle equal to
two righ? angles, hed not mada their sum depend on the relation of one of
their sides to some grand modulus existing in natwre, snrposs, the radins
of the eartk's orbii. if this be for one moment even rorceivable, all Geo-
wetry must be based on cxpe.imertal laws, and nnthing then can be so
unreasonable as Mr. T.'s aversion to appeal to the senses. We trace
however the same indistinctness of apprehension, when he complains of
Fuclid's definition of a straight line, an bciag  an identical proposition.”
liad he suid, *“ the definition itself needs an explanatinn,” we shonld as-
cent.  But his tone seema to show, that he considers identical propositions
as nugatorv. AU/ propositions in pwre science are as truly identical ae
the binowmial theorem and the multiplieation table: yet they are not there-
fore nugatory. Either geometrical nropositions are such ; or Geometry isa
mired science, and must be based nltimately on senee, We can find no
intermediate view.

We further feel that Mr. T. inadequately appreciztes the force of the
objection ; that *“ a proof i> tce difficolt ; and again, that “ the parts of a
subject are straggling.” He says: “ It may be a great irreguluity, that
nature should not have framed the elements of Geometry, so as to present
a concinnous whole ;" but “ we onght not tn quarrel with the dispensation.”
If indeed onr ohiect were to ascertain the certainty of a practical troth, of
conrse we should be thankfni to have cay demonstration : and where the
. troth is soch at no man is aware of till it 1s formalie proved, we do not
. complain if the proof be difficult. But when the mind has a direct and
. distinct perception of a truth without proof at al!, it canuot be the natural

method to lead us through many tedious and intricate ways to srrive at it.
Let an intelligent person unversed in Mathematics be asked * whether
spheres, if very large, might teuch in more points than nne : and probably
his first conception will be that they may; becavse he unawares appenls

to expericace, by trying to conceive how it would be to his eye. But

when reminded that it is owing to the roughness of the surface and the -
compressibility of the material, that they come into contact more exactly :

Le soon convinces himself that perfert spheres wonid touch bat in one

point. It is then clear, first, that the truth is not intnitive ; next, that it
- 15 not learnred by experience; thirdly, that it is not gained by wading

through a whole bock abrut the triangle and circle, nor yet throogh

Mr. T.s lorg preof. The mind does certainly find some short cut, con-

necting the definition of perfect sphericity with the property alleged : and

by analvsis of the vulgar reasorving. the puiiosophic geoweter stould en-
deavour to arrive at the natural method. By this not only wonld the study
te made more pleasant and satirfactory, buv more light would be thrown
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on the procesees followeil by the mind. With such views, we much depre-
cate the artificial system and unbending styls, pursued in most geometrical
treatises. Indzed we suspect that Mr. T' practically mistakes formality
for rigour; and thinks that his proofs are mcr2 cogert, hecanse he puts
in premises which ia ordinary reasoning we suppress. If a man reason
thue: ““ Goud statesmen are valuable tu a country: Lord Liverpool is a
good statesman ; therefore he is valuable to the country :” do we think his
argument the soender for the affected formality 3% Tt may be requisite now
and then ; but is disgusting in the extreme, and prinfully perpleving, if
much carried out.  The moment we quit Geometry, we give up the innu-
merable formalities of etiquette therein iusisted on, (aud to which Mr. T.
sems much attached,) nor is it conceived that we lose in rigour. In factt
at! illostration, so that it be marked off as illustration, tends to rigour, by
giving wore vivid apprekersions : while it refieves the tedium of dry rea-
soning. But as regards the order of a geometrical treatisc, nothing, we
apprehend, need be said of this & piinsi.  Let orly the natnral methwls of
Froof be well analyzed, and sume luminons ordor will assurediy result;
though it may be of a kind that we did not asticipate. But we do think
that the appearance of complete disorder, is a most serinos presumption
against a geometrical compendinm : the mors especially sinee the value of
mathematical study is gwit2 =2 mwck in training the mind te a habit of
clearness, as in the bare apprehention of what is gond and what is had
logic ;~nav, we should say, much maore. Tt ia & valuable hadbit, to discri-
minate quickly what is easier, what is more dificnlt; what is best proved
from what; in what order truths mnst he set before the mind:—but a
geometrical work which is just mo¢ fallacious, may train us to the very
veverse of this. ,

And this leads us to express our conviction, that no patching of Eurlid
wiill make bis Elements a work worthy of the enloginms that bave been
| lavished on it. We Jo wot complain that it is ill adapted as an introduve-
tion to modern Mathematics, (thoagh that be quite troe) ; nor that he Las
various petty flaws ; nay, nor that he has fundumental defects ; (for we are
sunposing them all mended up :) but the treatise will still iemain disordered,
crude, ana furmal.  We will take this opportunity of throwing together
reasons, why all pretence of making his work the text hnok should be
uba _joned,

The naturnl conaexion of subjects is hroken, first, by the strange intro-
dnetion of ratios in the nhfth book; secondly, by interweaving with his
theorems problems of mere construction. We shall speak uf cach sepa-

* Qur Muctration is pertapa tco strong. We only mean to sny, that his proofs
would guin clearness and pleasantness, and lose nothing in rigour, by heing less
diffuse.

t+ Mr. T.’a Scholia are very good ; and his explanations of muny terms would be
serviceable to a beginner, though wol Iy @ person capable of reading Aie book.
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mtely, No good reasou appears for treating on ratios in a geometrical
treatise at all; bot if any wiers, it should be in the introdnction ; becavse
at present he is forced to delny to his sixth book what should have been
perly in the first and partly in the thitd, It is objected that the Ffth
book is too nard for a beginner. But that is the anthor's own fault, for
taking so extraoriinary a method. Oh! but, sav the advocates of this
extoiled book, it is 8o gemetrical ! and so phitosophical 1~~'Ve apprehend
that if 1t be really *‘ geometrical,” this is a fault; for a treatise on vation
ought 1o more to be geomstrical, than astronomical or optical. But :f it
be mesrt, that it is adspted to those who vrderstand nothing ~t Arith-
metic, then we reply that such will remain incarably ignorant of ratios,
though they read Fuctid fifty times. And thiz brines ns to the hoasted
philosophy of the method, which we venture to describe thus. Having
given a useless definition of ratio, (which R. Simson reicets,) he then gives
his serviceable definitions of the phrases, same ratio, greater ratin, loss
ratio, compourd ratio ; in such wise, that the words greater, lese, R, have
new senser,* or rathcr no senve st ali as isolated words, any more than
cir and cle of the word cirels.  Accordingly it becomes necessary to prove
that “ Ratios which are the same with the same ratio, are the same with
one another.” Thus the upshet of this treatise on ratios, is, that we do not
and may not krow what * ratio” means. For if we do know, then since
greater and less and same (or efual) are well known terms, it is wn-
lawful to lay down new definitions of seme ratio, greeler ratio, &c., and
every proposition in the book that concerns proportion is vitiated.+
Again, Cuclid hae chosen to limit his proofs to fignres which he can
construct with rule and compass, for which two instrumeats he makes
hamble request in three postulates. The compass we willingly give him ;
concerning the ruler we demur, until he has shown how the atraight line is
generated,  Bug ull are aware that he wmiglt as reasonably ask for 2lhptic
trammels or any other instrument, as for the ruler; in ahort, in construct-
ing his figures, it 1 enoogh to show that his descripion of the firare con-
tains nothing self-contradictery.  His squesmishness here hes entailcd on
him mnch disorder, besides ike frequent introduction of pettv problims,

* (Note by R. Simron on Euclid, V. 10.)—*“It was necessary to give another
demouetration of thiv proposition, hecanse that which: §s in the Greek and Latin and
other editions, is not legitimate : for the worus grealer, the same, of egond, lessey | have
a quite diffiranc meaning when applied vo magnitudus and ratios, as is pla'n from
the fifth and seventh definitions of Rook V.""  Ae usual, this editor makes aure that
the error eowla nat have hbeen Evclid’'= own! Theon is gencrally the rame on which
he heaps the odium.

1 R. Simson’s addition« at the end of this bonk are gai‘e a Jitv ory envisalty  For
ourselves, we crnnct read the statemant ot Prop, K. with pravue, 1Y containg the
word ratia twentv-three times, a8 in achnel-boy days w2 reaember to have counted.
He rays *‘ they are frequent'v made use of by both w.ncient and modern geurneters
vhich we behicve an his word ; but what he called modern is rnt now modern.
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mnst of which we could advantagzeously part with . some onlv shoold be
tarned into theoreros, as in the fourth book. Further, in the employment
of snprapositics, he virtuaily uses anather postulate, snd when he ap-
yroaches curvilincar arcas. his system hreaks down entirely. Thus, on
Fuclid xii. 2. R, Simson remarks, that te complete the proof we must
insert: “ For there is some square eqmal to the circle:” a thing true
rnough: ; hut which rule and compass will never construct,

To do him justice, we must remember that he himself must have thought
his fifth book unsatisfactory; for he treats ratios over again. and that na-
merically, in ore of the books which we omit; and in another, he collects
into a batter c. all the scattcred properties of ngures,

But further; in Euclid's day no donht the second bock wns necessary to
Geometry. At present it 1s highly ungeometrical and vseless ; because we
at once discern, that out of the infinite number of algebraic developments,
it selects a few to demonstrate geometrically. A sufficient cubetitute for
these, is, to show (what at any rate needs to he shown) how the areas of
rectangles are nuwmcrically represented, after making the square of the
linear unit our mnit of surface. The twelfth azd thirteenth propositions
of this book belung rather to Trizonoinetry or to Algebraic Geometry, than
to this department ; aud the fouiteenth is a problem misplaced.

What then is nezded to make Euclid's Flemerts a logical, wel'-oridered,
and perspicuous whole, confined to its proper limits, yet adapted to the
eristing state of mathematical science? Strange libertiea bave already
been taker with it. The seventh, eiphth, ninth, and tenth bonks, are
stnk in the darkness of allusion : the lengths and breadths and depths and
heights in the eleventh and twelfth are scen in shadowy distance; but the
stadent is cut of breath and comes to a halt, before Lic reaches the *“ method
of exhaustion:” the fitth book is very frequently given him in grace, and
an exnianation of the fifth definition is thonght enovgh. 'The sccond hook
will vunich of itself by a diferent ar angement, viz. by splitting the sixth
in twain, and kneading it up with the first and third. The fourth book
consists entirely of problems, most of which are to be wrenched out from
all the bonks ; twisting some into theorems, ramming down others into an
Appendix, or book of exercises. A beiter distrihation of varinus subicers
is mnch noeded.  Similarity of shape shosld form a separatc section, and
a single definition be given of the word similar, applicchie to figures plane
nr solid, curved or rectilinear. Arear equally ueed to be svstemntized.
Caattct ana curnature in the circle should be so trented as to prepare the
student for following out the subject with uther curves ; in short, aceording
to the enlergemcnt of view which the moderns have thereby eained.
Cireniar arce and circular ¢ reas need to have something said abont them,
and what is szid, should ba conrected and compact.  We have not noted
haw Jarge changes in the first hook may be reqoired for proving the twelfth
axiom - Lnt, if attainable, we desire more method tn extibiting the proper-
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ties of triangles of and parallels.  After all, it must be remembered that
something introductory is needed, (1f not Mr, ‘Thompson's thirty-ning
pages,) before we can get our passport to land on Plane Geowetiy at all.
And gfter the most wecessary of these changes, how much of Euclid's
twelre backs wili be left 2 We are therefore sorry to sec men of original
wind, jike Mr., T. undertake the ungracious task of mending wp an old and
incommodicus stracture. It reminds us of the knife which hod had threc
pew bindes, and two new handles: iudeed his Intercalary Pook is so0

‘startling a contrast to Euclid, that the old Grecian would justly complain

of modern innovations, to say nothing of Prop. XXVIII. A, B, C, D, whose
weight strains the threadbare srbetance around them, threatening to make
the rent worse, LW, Newsaw

Navitical and Hydraxlic Experiments, &c. By Col. Mark Beavfoy, F.I''S.
Ats, 1834, pp, 688, Fol. .

Tats voimme is a record of a great number of experiments made by the
Iate Col. Beaufoy, uvpon “ the comparative resistances which different solids,
constructcd apon the same hase ard perpendicular, meet with in moving
throngh a flnid.” The results of the experiments are given in a convenient
tahular form, the tahles Leing arranged according to the face of 1he solid
rresented to the resistance. The fifth tahle is or» of comparison with che
former, the solids experimented with remaining of the same bhreadth, but of
ereater length,

The work is magnificentiy got up, and contains a large number of plates
and diagrams, We have thought it right to mentinn its appearance now ;
but on accvunt of the great practice] importance of the experiments, we
shall defer a regnlar analysis of its contents, until the appearnnce of the
two remaining volumes shall enable us to inclode the whole in one view,

Manwal of Mineralngy. By Robeit Allan, F.q., F.R.S.E., &c. 8zo. pp. 351.

Mr. Artan is known to the srientific world as the possessor of & mine-
ralogical coilectinn, second only in iinportance to that of the British Meseam,

and collected daring a long period by his late father, under whose seperin-

tendence the matevials for the nresent voiame weve sompiled.

The Jutroduction, which occupies abont seventy paces of the work,
commences with very brief observations on the crystalline forms of
Minerals in general, considered according to the system of Mahs  The
varions phyrical properties of Minerals are ther treated of in the foliowing
order; Specific Gravii;, Hardness, Colour, Transparency, Lustre, Streak,
Cleavage and Fractwre, Doutle Refraction and Effect ou Folarized Light,
and the Parasitic (Pseudomorphons) formation of Minerals. The Intro-
Guction cinses with the method of employing chemical tests and the hlow-
vipe, in the anpalvsis of mineral substances.
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