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ON THE THIRD ELLIPTIC INTEGRAL.
By F. W. Newwman, formerly Fellow of Balliol College, Oxford.

I. FourowiNne up the splendid discoveries of Jacobi,
Legendre first, and since his labours were closed, Dr. Guder-
mann, have investigated series of an elevated kind for ap-
proximating to this integral. But the higher theory seems
to have drawn off investigations unduly from what is more
elementary ; and the principal object of the present paper
is to shew that the earlier and simpler methods have by
. no means been adequately appreciated and developed.

Legendre’s notation, with trifling alterations, will be here
retained. The moduli ecc,c,... are those of the common
scale descending, which he denotes by ec’c®c™... I propose
to employ the notation 7%°y, to imply the relations

F(en) + F(en’) = Fc, 4m),
F(bn) + F(bn,) = F, ),

in which case ° may be called the conjugate amplitude to 7,
and 9, the lower conjugate. We then have the well-known
relations coty.cot®=25,

o CO8M o bsing o b
sin = — CO8 = —, B8 —————= L4 l ly
7= Alem’ " T Alem) alem) A(en) 2
in which we may change %°, ¢ into 7, 4.
Also if from ¢, 1 be formed ¢, 7, in Lagrange’s scale, we get
Ve, sinn, =vesing.Vesing® 3 Alen)+A(en°)=(1+8)A(e;,)
A(en)-A(en®)=(1-5) cos, }---(2)-
cos 7, =sin(n"-7),... orn =4w+n-7°
For the complete integrals F(c, 4n), E(c, 4n), &c.... we may
generally conform to a prevalent method of writing them
F, E, &c. Butin the case of F, it is sometimes necessary
to break the analogy (as in the higher theory) by writing C:
for when ¢ changes to cec,...0d3,..., to wnte F., F.,, &ec
is very incommodious.

II. Legendre’s results concerning the integral IT, may be
summed up nearly as follows : :

(1) That every IT which has a parameter of the form
a+ B V-1 is reducible to #wo II’s with real parameters, and
with coefficients of the form a + 8 v-1.

tanw  cos®’ ?

@ HQ=7r==""", and T=(1+p)(1+%)

Alcw) b cosw’
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. dQ c
s m—@=n(p)+ H(;)—-F ............ (3),

where p, c’p™ are parameters, and ¢, o the other elements.
Let pg=¢, then p and ¢ are called rectprocal in this
theory.

(8) If 1 +p)(1 -7)=28" therefore
d(sinwsinw®) l+p ler
ol+pr(sinwsine®? p n(e) r ne-r) pr’ Fee(d):
The parameters p and - r are called conjugate.

(4) Various integrals P(p, o) = [¢ ( p, o) dw are known,
which may be found in some simpler form for a special value
of w, (@ = a) by means of

dP _ (ip(p,@) , _
dp - dp do = ‘p(p! m)'
If the function y is known, we get

dP(p,2)

" Y(p,a), and P(p,a)= [ p,a)dp.
Legendre applied this method to IT, and deduced not only
the value of IT, in terms of F' and E, but certain commutative
equations, in which the amplitudé exchanges places with
a certain function of the parameter.

(5) He applied Lagrange’s scale to IT, and by it deduced
two series, one for descending, the other for ascending,
moduli. But beth are too complicated for use, especially
the latter.

One more property established by Legendre remains to be
named; viz. if §, o, are amplitudes which make F¢=Fow+Fy,
and p the parameter common to the three IT’s which cor-
respond to the F’s, then L
YT {Tw + Iy - [t} = tan™ VT.psinwsinnsin¢

*14p(1 ~ cosw cosn cos)

Consequently if {= 4=, or 7= &°, we get

- o _ - a1 f P . inw\...
VT'{Ho + 1o’ - I1,} = tan \T+p AVT.sinw smw} (6),
in which, whenever T is negative, it will be easy to give to
the last term the form of a logarithm.
My first business is, to shew that all these integrations
of Legendre, when duly simplified, lead to available results.
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III. The function 7'=(1 +p) (1 +¢) may be called the
test product, since, according as it is negative or positive,
IT is of the logarithmic or of the circular class. We may
occasionally denote it by 7'(p), and the definition shews
that 7'(p) = T'(g): also

T(p).T(-7)=8" ecervrrrnnnnnnnn. .

It is easy to prove that the reciprocals of conjugate para-
meters are conjugate, and the conjugates of reciprocals are
reciprocal. Thus the reciprocal of the conjugate is the con-
Jjugate of the reciprocal. ,

Also two reciprocals, or two conjugates, are either both
circular or both logarithmic.

Legendre assigns two forms for logarithmic parameters,
viz. - ¢’sin’y and -cosec’s, both negative ; the former ranging
from 0 to —¢’, the latter from -1 to —w. Evidently if a
parameter has the form - ¢*sin’, its reciprocal is — cosec’.
But logarithmic conjugates are either both of the form -c’sin'y
or both of the form —cosec’s. In fact, since A(en). A(en’)=0,
it follows that - ¢'sin’p and - ¢'sin’y)° are logarithmic con-
jugates. So also, since cotz.cotn® = b, therefore - cosec’n and
— cosec’y® are logarithmic conjugates. '

A circular parameter, when positive, may be denoted by
p =cot’d; then its reciprocal is ¢ = c*tan’d, and its conju-
gate is -r=-1+58'sin’0. But we may also write p = cot'd,
g =cot’d,, r=24%b, 0). Of two circular conjugates one is
necessarily negative, the other positive. Also, since

A, 0)A(%, 0)=c,
the two circular parameters — AY5, 0) and - A%, 0,) are re-
ciprocal.

In the equations (5), (6) every IT is multiplied by vT'; and
in the farther development of the theory the same phenomenon
constantly recurs ; insomuch that v 7'IT seems (rather than II)
to be the function which we are concerned with. In this
connection it is highly interesting to find, that the curves
drawn on surfaces of the second order, which are said to be
measured by this integral, are really measured by the com-
pound function v T.II.  (See Dr. James Booth, Pkilos. Trans.
1852, p. 820, equations (17), (18), &c.) Of course, when T
is negative, we must deal with v- Z7'I1.

When 7 is separated from IT, it may be requisite, as above,
to write the parameter after T'; as T'(p) for (1 + p)(1 +¢'p”)
&c. But whenever 7T is immediately followed by II, (or by
P, of which I proceed to speak,) it will be understood that
T involves the same parameter and modulus as the II, of
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as the P. Thus vTTI( p) + v TTI(- r) will mean
VT (p)II(p)+ vI(-r)II(-7).
When p is infinitesimal, IT= F'; also T'=c¢’p"; whence
. VT(F-TI)= o/p?[,psin‘e.dF=0.
Also when p is infinite, T'=p, and ¥T'TI has no increments

while  is finite; for then ——Q’—.——,—-= 0. But while o is
1+psin‘e

infinitesimal v 7'l = J' l‘f"’: = tan'(yYp.®), which becomes
0

tan™(o0 ), as soon as w rll’ses to a sensible value ; hence

VT = 4w, when p =, whatever the finite value of w.

This reasoning is rather refined; but the conclusion may

be equally obtained from the reciprocal equation.

IV. The three integrals F, E, IT have in common the
property, that whenever their amplitude @ = %.4w, the in-
tegral = n times the complete integral. It immediately
follows, that if for a moment we assume three arcs z, 2', 2"
such that ‘

F(o) _z E(w) - z II(m)= z'
F, 4=’ E, 4’ 1, i{x’
each of the three new arcs is equal to o, as often as o is
a multiple of 3=. Hence (¢' - ) and (2" - z), or any func-
tions proportional to them, vanish periodically every time
that @ = n.4x. Such Auctuating functions are the appro-
priate auxiliaries for calculating E and II, when F is known.
Legendre assumed G' as an auxiliary, equivalent to

E-%.E‘,; which is proportional to 2/ - 2; and by it he

obtained by far the most elegant of the approximations to E;
namely, if C' now stands for F,, he found

CG = C,G, + C¢, sinw, [Lagrange’s scale] ®)
whence CG=Clc, sinw,+Cic, sinw,+Cc, sinw,+ &c.... ™7
But the properties and uses of G have by no means been
fully exhibited, and a di%ression on that subject, either here
or afterwards, is inevitable. If we assume .H as a second
auxiliary, such that z

—{1 =) Fueninnnnnn,
H-E ( = ) F. ),

we easily get [since by Legendre’s equation of complemen-
tary moduli, 4w = F,E, + F.E, - F,F,]

NEW SERIES, VOL. VIIL -Nov, 1853. o
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therefore H=G+ ?.—;';
or, in the other notation, ‘
F
H=G+ i"ll‘ . Ea ..................... (10).
Moreover CH=CH, +Cg, sino,;
or BH =B H, + § B, sino, ............ (11),

whence '
BH-= B sin o - 2B(sin » - sino’) - 2° B"(sinw’ - sinw”) (19)

- 2'B"(sinw" - sine™) - &ec.[ " 7
which is by far the most elegant series for calculating E by
ascending moduli, (s.e. when ¢ is near to 1,) and converges
with the usual precipitancy of Lagrange’s scale.

Farther, if sing = v-1 tan8, we e:gy obtain
G(en)s—-v-1. H(b,0)+v-1.tanf. A, 0),
H(en)=-v-1.G(b,0)+v-1 . tan0. A, 0),

or G(en)-v-1.G(b,0)= H(en)-v-1. H(b,0), .(18).

also G(en)+v-1.G(3, o)=v_1{tan 0AG, 6)-}r. %%)}

Finally, it is worth observing, that while G'(cw) vanishes,
not only when o is a multiple of 4w, but also when ¢ is
evanescent; we have, on the other hand, BH, = }, for all
values of ¢; also, for all values of w, we find BH=o
when ¢=0; but H=sinw, when ¢=1. We may add that
G (e, nr + 0) = G (¢, w), but BH (¢, nw + o) = BH(c, ®) + #r,
or H(e, nw + w) = H(c, w) + 2nH,.

. V. Returning to the integral I, we follow out the analogy
of this proceeding, by assuming an auxiliary proportional to
(&' - 2).

Let P stand for l'I-g—-n,.....................(14),

then the problem of finding II divides itself into two parts.
First, to find the complete integral I,: for when this is
known, we regard the second term of P to be known. Next,
it remains to find the fluctuating portion P, which alone
involves three elements; and since it periodically vanishes,
we may look on it as a small correction to be applied to the
main term ; the total value of I being given by the equation

F
==—1IL +P.
o 7 .+ P
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It is evident that P vanishes with p. But we must first
dispose of the case to which this method is essentially in-
applicable, viz. that in which I, is infinite ; namely in which
the parameter has the form p = - cosec’s. By the reciprocal
equation (3) Legendre reduces this to the indefinite integral
(- ¢ sin’p): nevertheless, it is not amiss to exhibit the
equation in a slightly changed form.

When p = - cosec’, T'= - cot’s.A*(cn), which applies alike
to p and ¢: therefore
V-T{I(p)+ 0(c’p")- F}

v-T.dQ
=) T - ile

Conse uentlg, if F¢= Fo + Fy and Ft = Fo - Fy, the rela-
tions, furnished by Euler’s well-known integration, between

{e and w9 yield L,
v-T{I (- cosec’y) + (- ¢’ sin’p) - F'} (cw) =} log :;%f < (15),

tannAw + tan wAn
+ {tannAw - tanwAn}

in which II(- cosec’s) and the logarithm both become infinite
at the crisis w =%, ¢ =0. In future, we set aside the case
of parameters negative and greater than unity, as sufficiently
disposed of by this equation.

Passing to the circular I, we may doubly modify the
reciprocal equation by supposing p positive or negative.
But it will suffice to make p positive, and to treat a negative
parameter (- 7) as its conjugate. Generally, when T is posi-
tive, equation (8) may take the form

YTI.{n(p)+ n(c’p") - F} =tan . (VTQ).
But when p = cot®0,

JT A(b0) 1

“sinOcosf sinfsin,

an expression which is very easy to remember: and the cor-
responding value of v T(-r), the conjugate, is no additional
burden to the memory, if we do but remember the relation
VT(p)¥ I(-r)= b, from equation (7). Hence

AB9)  tane _ 1 cos°
sin@ cos@  A(cw) sin@sind, " bcosw

vT.Q= e (1T

Again, when we assume o =4w, Q=o, tan'(VIQ)=4w;

whence
VI{n p)+0(p")-F}=4m .ccovvvnnn (17a).
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Multiply this by Fﬁ: and subtract the product from the
general integral ; therefore
_, af . o b cos
YT {P(p) + P(c’p™")} (cw) = cot {smﬂ sin 0, |
Fee «{(18),
g Flw)
.

€

when p = cot'0.

VI. From the reciprocal we proceed to the conjugate
equation (4).

‘When II is logarithmic, p as well as —» will be negative,
and we may write — ¢’ for p, so that we get

Re=sinw sinw° 1-r 1-7 a A -dR
Aer)(iorymttf 04 B+ UG- 5 P 0

_ -1 o 1+ RJ/(rv')
Jor) 8 T- R’

it being observed that Rry’ are all numerically less than 1.
If r=c*sin%), » = c*sin’y’; and the logarithmic part is

1 + ¢ sinw sinw®. ¢ siny siny° or log 1 + ¢, sinw, siny,
1 - ¢ sinw sina’. ¢ siny siny’ 1-¢,sinw, siny,’

if we form ¢,, »,, 9, in Lagrange’s scale from ¢, w, 2.

The same may take another form: viz. if F¢ = Fo + Fy
and Fe = Fo - F7y, it becomes

1 AwA7 + ¢' sinw cos w sinz cosy or lo Ae
AwAn - ¢*sinw cosw sin7 cosn B At

At
Further, observe that
V) L e T, Ay Lo 2T,

so that the general integral becomes

, c Ae
V-To(-r)+ V-TO(-7r) = 7 F-}log A—C(w)
In this, let w =47, ©°=0, R=0, &=~ {, therefore

V=TT (= )4 Y=TT(- ') = V(L"J) Foe.
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Multiply the last by -I;? and subtract the product from (19),

[4

therefore .
¥~TP(~ ¢’ sin’p) + ¥-TP{- ¢’ sin’y°) .
1+ ¢, sinw, sing, —-}lo _A_e_}...(zo)
1 ~¢, sino, siny, 8

ag

But the more important case is when II is circular. Let

=-%log

p=cot’d, r=-1+5"sin’.

Observe that
2 = JYT(- ’
Wpr) =5 7 VI(p) = 75 YT(-1),
so that .
vIn(p)-vTn(-r)- _°_F- tan™{V( pr)sinwsine°}..(21).

V(pr)
We now see also that equation (6) admitted of being written
vT{llw + No° - I} =tan"{V( pr) sin® sinw°)...(22),
where p is the common parameter: but the advantage of

comparing the two last equations is best seen, when we have
separated P out of II. In (21), make o = }r, then

cl
vIn(p)-vT(-¥)- —— F.=0.
- P 0= Joon T
Maltiply by Tm and subtract from (21); then

VTP(p) -V TP(-r)=tan"{V(pr) sinw sine°}...(23).
Also subtract from (5) the equation
JT {Fw Py FO\ 0,

P A S
and it changes every Il in (5) into P. Observing, then, that
P, = 0, we have instead of (22) the simpler result
VvT{P(pw) + P(pe°)} = tan"{¥( pr) sinw sinw°}...(24).
Comparing then (28) and (24), we conclude that
VI P(-r, ®) = -VTP(p, &°)....... e (25).

Hence the general enunciation : “In any circular v TP we
may at pleasure change a parameter into its conjugate, pro-
vided that we change the amplitude also into the negative
of its conjugate.”
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It is not difficult to verify (25) directly, by mere differen-
tiation. Moreover, if we adapt the process to the case of a
logarithmic I, then, instead of (24), we get

V-T{P(-r, w)+ P(-r, @°)} =~ }log 2—2,
which, compared with (20), gives ‘
V-TP(- ¢’ sin*y’, ) = v-TP(- ¢* sin’y, &°)...(25a).

Thus, “In a logarithmic v-TP we may change the para-
meter into its conjugate, provided that we simultaneously
change the amplitude into its conjugate. Or, “To %et the
integral conjugate to v-TP(-¢'sin’, ®), we may at pleasure
put 7° for 9, or o° for ».”

Generally, even with a circular I, it suffices to treat of
three parameters, as p, its reciprocal ¢, and - r the conjugate
to p. But we may reckon four in the following method:
first, P(cot’d, ¢, w) its reciprocal P(c'tan’d, ¢, »); conju-
gate of the first, — P(cot’d, c, ®°); conjugate of the second,
- P(c*tan’d, ¢, ®°). And these, though in appearance four,

.are evidently in form only two. But for the present we shall
continue to deal with three.

F(co) _ z
F.  ix’
2 =VTP(pew), & =VTP(gew), & =VTP(-rew),
where p=cot'f, g¢=c tan’d=cot¥d, r=A*(30);

VII. Let us for conciseness write

and there will be no danger of mistaking 2, & for powers

of Q, since no powers of Q ever occur in any equation with
which we deal.

Equations (18) and (283) now give the two results

o

cot(z +Q + ©) = sinf sind, . 202 (96),
COs W

¢ cosf .
cosl (27);

o

tan(Q - Q) = sinw sin .

which immediately suggest that if in (27) we commute
cwl into 0w, we make the members of the two equations
identical.

Again, we may propose to ourselves to eliminate Q be-
tween (26) and (27), or rather between (18) and (28), so as

to get a relation between O and &. This has been done by
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Legendre, under a different notation; and the result is most
unexpectedly simple.
For a moment, let

ginf cosf A (cw) P sinw cos® A(bo)

-1
A A0 ° tanw ’ A(cw) " tanf ’
. A (80) sinw ’ D
or, if D=A(cm)sin0’ = osm cos0’ k = D cose cos .
Also z-tﬂ+.(’2=tan"h: .Q-.{'Z=tan"lc;
whence z+ O+ Q=tanh - tan"'%,
+ s h-k
or ta.n(z + Q + Q) = _-_}I_k
A¥cw)sin’@+ A’(80)sin’®  1-cos’wcos’d
Now 1+hk=1+D'= A? (cw) sin’0 A’(cw) sin°0
and h —%=h(1 - cos’® cos*l);
L h-k . in' _A@0) A(cw) sinf sinw
C Ty A A () sin'd= e e = also sinf, " sine°®’
Thus we obtain between & and the relation
tan(z + Q+ .('Z) . nd sme =~ (28).

sinf, " sinw’
The three equations (26), (27), (28) are a mere application

of the Reciprocal and Conjugates of Legendre to the case of
a circular v7TP.

VIII. We now turn to the C’ommutatwe equatlons

f - sin‘e.dF
o(l + p sin‘w)’’

the general formula of reduction thls receives the shape

Making p to vary in II, we get

dn sinw coswAw -

‘71;= a. ——l-:m—+ B.F+q. [,sinodF + 8.1,
and it is found that a, (3, <y, § have a common denominator,
which is none other than T'(p). Calling the numerators
o, 3, v, 8, we ﬁnd

b Be-.5 v--85 ¥e-i(1-5),
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which farther yield
, arT dT
8=—‘}.—d;, B’-%.(E’T‘l).
Observing then that ¢* [, sin'w.dF = F - E, we get

dll_, sinwcosoAw ar 1 ar
.@_ .m +*-($—I)F—%(F—E)—*.—d;-ﬂ-
Bringing all the 77 and II's to the left, we divide either
by ¥T or by — v- T to make the left-hand an exact integral,
and then integrate nearly as Legendre.

It gives
vI(o-F)

. vI'dp 1\dp dp

= }smwcosmAm.f ——-3F (l+—>—— HE|- =
1+psin’e P NT T

V- T(1- F) ~(29)

. V-T'dp 1\ dp / dp
-_-}smwooswAw.f Lipsin‘e +3F J’ (l+p v T-%E pa
in which the integrals may begin from p =0, since this
supposition makes the left-hand member vanish, and also
involves mno infinite quantities, such as would appear in
Legendre’s equation.
n the last let @ = 4x;

V=T (pp - F)= '}F,.f“(l + %)%- iE, fop_‘j{’_z,...(am
Now, if p=-csin’y, v-T=cotyA/(en),
whence }.(1 +-l-)—d£— =A(en) dn, %. i‘-—-= _an_

: p)V-T pv=-T A(en)’

or V= T{I(~¢ sin’n) - F.} = F.E(on) - EF(on)
= F,G (cn) } --(30)

We may now apply equation (13) to save the trouble of
a second Integration for the case of the circular I It is
only requisite to put sinn=+-1tan0, and there follows
(multiplying or dividing by v-1),

VT {F.-1,(c tan’0)} = — F. {H(30) - A(30) tanB}...(31).

There is ambiguity as to the sign of v T, which is changed
according as we multiply or divide by v-1. But we deter-
mine the sign by observing that when p is positive, F'> II;
also when 0 approaches }w, evidently A (36) tan@ > H(30),
since F.H, = 3.
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We may deduce I.(- 1 + 5 sin’0) by combining the last
with (21) and with (17a).
From 21,

2
VTI,(p) - VTO,(-7)= - F,
Also vyT{D,p+ ,q-F.} = 4w from (17a);

d
therefore vT'{I,(¢)-F,} + VT (-1) = 4w - V(pr)F

or Y T{I,(-r)- F,} ~V T {F. 10, (g)} = - {vr( P T )}

= 47 - A(50) tan0.F,, if p = cotf.
Add the last to (31), and it gives
VT {l.(- A%}, 0) - F,} = }7 - F..H(%0)...(32).

This completes the equation needed for the integral I,, which
is entirely reduced to ¥ and E.

We vary the form only, by adding (17a) to (31);
therefore vTH,(p)=4m - F.{H (40) - A (50) tan 6} ;

A (50)
sinf cosf® '~ °’
then vZ'{F.-1,(cot'0)} = F.{ H(b0) + A(50) cot 0} -4r...(38).
We may also develop the right-hand member of equation
(30) by Lagrange’s scale ; then
V-T{1, (-c*sin")-C}=Cl¢, siny, + C,g,sinn,+ Cyc, sing,+ &e...;
and if we then assume - ¢’ sin’y, = p,,

V-T{1,-C} = C,V-p, + C,v-p, + C,v- p, + &c..

o VT.{C-1} = C,Vp, + C,Vp, + C,Vp, + &c...
if we suppose p positive in the last. But to this subject we
shall recur.

I, being now fully known, it remains to investigate P
only, and O will be known.

We must return to equation (29). If we multiply (29a)

subtract it from v TF, =

} ..(80a),

by Z2) 4ng combine it with (29), we get
c ) V T-l dp d
. ¥=TP = - }sinw cos wA (cw) m G(c )f“ % 5__ 7
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We have already found the last integral = F'(en), when
p=-csin’y. Also

V-Tdp _ 2¢* sin cosn dy _ = 2c"sin*n.dF (en)
1+psin’w (1-c*sin'wsin’y)cotnA(en) 1 - ¢ sin’e sin’y
2 1
" sin'w { T 1-c'sin’w sin’q} dF (en);s
therefore v- T'P (- ¢* sin*y, ¢, )
_ A(co) s
tan o {H (- ¢ sin’w, ¢, 9) - F(“"’)} - G(Cw)-F(c'l)»

where we may write simply v- T for the multiplier of the
quantity in brackets.

Again, in (30) change 7 into w, and multiply by F(cn)+ F.;
therefore 0 =v- 7.{II, (- ¢'sin’w) - F,} F;.,c") - G (cw) F(en):

¢

subtract this from the preceding; then
V- TP (- ¢* sin’y, ¢, @) = V- TP (- ¢’ sin'w, ¢, 7)...(34);

this is the commutative equation for a logarithmic P.
For a circular P the result is not quite so simple. We

have first W
. T .dp f dp

VTP = sinw coswA(cw)fom+G(cm) Vi VT
Let p =cot’d;
dp __-db _ AQY)  dp _ -do__
""2p sinfcosf’ sinf cosf.” 2pvT  A(30) dE (®6)
Also

1 dp - cot'0d0 — cos’0.dF (80)

0T 1+psine  AGO)(1+sin'w cot’f)  sin0 + sin'w.cos'l
The denominator = sin’® + cos’e sin*6 = sin’w (1 + cot’o sin’0);
. J‘ 1 dp - F(36) 1 (cot'w, b, 0)
"JWT 1 +psin’w  cos'w  sin’w cos’w
Instead of correcting by making 0= 4w, p = 0, we may
make p= o, 0=0; in which case we know that v TTI(p)=47
for all values of w, and consequently

«/TP(p,c,w)=%vr{1—F}f.“’)}=h-z;

= VTP(cot*d, ¢, w)=sinw cosw A (cw) {f;(sb,z) - ngg:::";; :,’wo) }

- G (cow) F(80) + (3 - 2).

+ const.
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Now put 0 = 3, and the left-hand member vanishes ;

F, M} -G(co)F,+(3m-z).

cos’w sin‘w cos’w

F %6'0) b and subtract from the
']

penultimate ; observing that

or 0=slnwcoswA(cw)

Multiply the last by

.A(L) = VT (cot’m);
sinw cosw

hence

YTP(cot'd, o, w) + v TP (cot'es, b, 8) = (3 -z)(l - ;_)...(35),
T

in which the right-hand member could not have been con-

jectured from the analogy of (34). It has risen from the

peculiarity that v7II (p) = 47 when p = ..

IX. We may now revert to the notation of (26), (27),
(28), by writing © for that which Q becomes when fcw are
chariged to w80. Then, in place of (35), we get

I {Q+0}=Gr-2)(FT-0).00uu. (36).

Between the quantities Q, S'Z, .(32, o, é, © we have obtained
three independent equations (26), (27), (36). If we cem-
mute 0, ¢, ® with o, 4, 0, (36) is not changed, but (26) and
(27) yield two new equations, so that we have, in all, five
equations connecting the siz quantities in pairs. We have,
therefore, exhausted all the relations between them; and
by mere elimination we can obtain the equation between
any pair of them at pleasure.

In a single view the equations are as follows:

cot(z + 2 + Q) = tan(© - ©) .
- {122 08} i (P00 oy

b cosw
O

cos @
in which we may exchange 0, ¢, o, Q, z with o, b, 0, ©, ¢.

Again, tan(z + Q4+ &’2) = tan(t + =) +-é)

= tan {;—: + Q4+ é} = cot{mg;(iﬁ-—t) -8 Gs')}'...(38).
sinf sinw

=sin@ sin6,.
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Lastly, Ir(R+0O)=(}r-2)(Ar-90)
WO©-)=z@r-6  Jen. (39).

r(@-0)=t@Gr-2)

In (87) there are, with the commutations, 8 equations ; in (38)
there are 4; so that we have here 15 relations of pairs of

the six integrals. Also 15 = —5;-, so that all the possible
pairs are here exhibited. 2

Thus by a single transformation we can pass from one
circular vT'P to another, so as to secure at once that p shall
be less than ¢, (and therefore, p less than ¢), and that the
modulus shall be less than its complement. We may also,
if we wish it, secure a positive parameter.

X. Now rises the question, of approximating to TP,
when vaer have so transformed it as to obtain a favourable
case. e proceed by Lagrange’s sca.le, supposing c,w, to
be deduced as usual from ce. %e also be given, but' pr
be disposable constants. Then if II, stand for I ( p,c,@,), and
- we make the usual substitutions F(ew)=01+ b) F(cw),

sinw, = (1 +) smAm(co;w, we get .
_dF(cm) A'(cw) dF (cw)
1, = f l+p,smm )J- A'(cm)+p,(l+b)'sin’wcos’w'

‘We determine the relations between .p,, 2, and r, if we assume
the denominator to be =(1 + p sin’w)(l - r sin’w) ; which
gives pr = p, (1 +b)’, and making @ = {m, (1 +p) (1-7)=8";

~ so that — r 18 none other than the parameter conjugate to p.

r _Qa-%
Also, Pﬁ'm: 91——“1”.—-
Hence T,=(1+p)(1+g) =02 E'lp:)b().l;,bl 228

of which the numerator
=c'+2(1+8)pr+p'r=(pr- oY+ 4pr=(p-r)'+ dpr=(p+r);

T, p+r
therefore fk S A
pr (1+d)pr

Thus 7] is positive, when pr is positive, or 7, 7" are both
circular or both logarithmic.
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Farther, if we assume
1-¢c% M N
(1+pv)(l—ro)= l+_pv+l—rv
which yields

’

o =1+8){MO(p)+ NO(- )},
weget M+ N=1, Mr- Np=c'; whence

M=p+c’=l+p.( pr ), and N=r—c’_ l-r'(pr )’
p+r P p+r pEr r pir

- P [lip 1-"n
whence I, (l+b).p+r > o(p) + p o( r)}.

. __p+r
Multiply by VT, T B’

therefore VI, 0 = vTO(p)+ VT H(=1).ceuuu.e. (40).
Make @ = *w’ ® =75 A 2\/1'111:1 = VTn«(I’) + VTH:(— ").
Multiply this by 3. % = %’ and subtract from (40),
1
then V+ TP, = v+ TP (p) + v+ TP(~7) ...... (40a),
which for the circular integral is
Q2 =0+ U (41).

But from (27), observing that
. . gccosl sine,
sinw sinw®. -
cosf, 1+
we have 0 - O = tan? (Vp, sinw)).
Add this to (41), and you get
Q =39, + #tan? (Vp, sinw)............ (42):

but in the process there has been nothing up to (40a) to
limit p to be circular. When otherwise, it is very obvious
how to change tan™ into ¥- 1.log in the equation (42) so as
to adapt it as in equation (20).

A(pr) = Vp, sinw,

XI. Legendre has investigabed the relations of p, and p;
but we need to add many reflections. .

When p=-csin’y, r=csin"’,

T T T
V(- pr) = ¢* sing giny’ = 153 S0
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ci

therefore V-p, = a+oF siny, = ¢, sin7,.

Consequently the series p, p,, p,...answers the conditions
supposed in equation (30a), and those developments apply
to our newly-derived parameters.

When we assume sin7 = v-1tanf, or p = ¢’ tan’0, the
(1+b)tany
1 —o b tan"q’
(1+8)sinf .

14 bsin’0° which
is that followed by 0,0,, 0,,0,... Consequently, when 0 = =,
every other 0 in the scale also = 4x. Also 0, 0, 0,, 0,...
tend to 4= as their limit, since they give

F@o) _F(0)_F@®0),
B B, B’

general equation of Lagrange’s scale, viz. tany, =

changes into the scale of Gauss, sinf, =

and since B, = © when n= o, and §_ = 1, therefore
F(160)= o, or 0, = .
If we form 0, @', @"... in the opposite direction, then, since

& _F08)_FGO)_FEE)_g
ir B B B -

and B™ has 4x for limit, and 5™ is evanescent, therefore
0~ =¢t, when n=w; or 0, &, 0", 0"... tend to ¢ as their
limit.

It is farther important to observe, that the change of 50
to 8,0, or to 50" leaves ¢ wholly unchanged ; inasmuch as
t _F@o)_FQGI,) _F(@E™6™

I B B B

On the other hand, it is familiar, as a result of the equation
in Lagrange’s scale,

z -F(N’):,} F_'(_f’l"’_l)=.i M—&c
24 . =&ec...,

i C A C,
that to change cw into ¢,w, changes z into 2z, &c.
.. (1+8)sin@ c .
The equation sin, = ngi;’—o » which gives p, = ¢ tan’d,,
admits of other forms; especially
cos0.A(50) _1-bsin’0
(7080l = m, A (6,0‘) =

1+&sin%0°
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which last gives inversely
«ap 1-A(00)
b sin’0 T7AG0)

Legendre calculates p, p,, p,... by auxiliary ares A, A, A, ,...
Let cosh = A (80), cos), = A (31 ), &c. ; therefore sinA = b sin 6.
sinA 1 - cos), . s

3" it oo’ or sin\ = vb. tanyA, ; which
is a general relation for A, A, A, A,...

The arcs A, A, h are thus suggested by the parameter
cot’f, but they equally apply to logarithmic parameters. In
fact, if we assume

Consequently

. b b
sinN = —— DA, = —1
A(en)’ ' Aem)’
and observe that A*(cn) = 8* + ¢* cos™, we get
¢ cosn ¢, cos7
COBA = ——~, COSA, = — L,
A(en)’ ' Alem)

Now, by the known relations in Lagrange’s scale,
1 - (1 + d)sin’y 1 - (1 =) sin’y

o8 = N Afen) ~°

and

and A(em,) =
e = 1-b.
T1+d’
1-5 l—(l+b)sin"r)_= 1-5 - ¢c*sin’y
1+b6°'1-(1-08)sin’ 1+&-c*sinp’
1 — cos), b sinA
= > AN = — N

1 +cosh, 1-c'sin’y or tan} Wb
as before. Nevertheless, if A has the same value ‘in both
cases, the relation of ‘0 to n is no longer sin'sp = — tan’0, but
is ¢ sin*y = — cot’0. . . .

It thus appears that the series p,, p,, p,... which are derived

from p by the law p, = (1_{%7 are calculable for both kinds

whence cos), =

and

of integral by the auxiliaries p = cot’d = ~ ¢’ sin’y,

Vb _sin), sinA,
tan 4\, =Ti+p) tandl, = 5 tang\, 5 &ec..
provided only that 1 + p be positive. \
1- 1-2
Put for a moment cos\, =z, cos\,,, =y; .. ﬁ; =

and since b,, d,, b,... rapidly tend to 1, the last equation tends
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to give y= —iz;, or scarcely more than y =42’ Thus
A,; cos],, Co8A,... soon tend rapidly to zero.
hese arcs enable us to embrace in one expression the
two series (30a).
Let N for a moment stand for the complete integral

r'(l_"'ﬂ)_m dF(cm),sothat pN = F. - 1,; and when

l+psmm
P-_dm’b V- T'= coty A(c'l):

V—T{II,-—F‘}=1—+;.coth(cq).N d "“("‘")’“" .N=(1-B)iny,.N.
Consequently, from equation (30) we deduce two forms,
-
(1-5)sing, N=CG(cn); and ﬁ‘%.zxg:qe(@g:
l 1

but CG(en) - C,G(c) = Cc, sing,. Combine these, and
observe that (1-5) C'= 20101: and you get

__mx .— =Feieiiiiiiiiianand (43),

which now applies alike to both sorts of integrals, and easily
gives (when 1 + p is posmve)

N= fl' (1 + p) sin'w )

1 + p sin'w
= C{}+ Jcos\, +}cos\, cosh, + ficos), cosh, cosh, + &c... }...(43a),
which is a series of Legendre’s slightly simplified.

XTII. Write ¢ instead of 0,, so that i, Y, Y, ¥ may be
(relatively to €)€p> Cys Oy .) the lower conjugates to 6, 0,0, ,’
Then if P9, = el we have simultaneously p_=c,*tan’d,=cot’},
and ¢ =¢, t,an’":p =cot'd,. Now, Isay, Y, ¢, {,, Y,... are
;el;.teg tg one another by the scale of Gauss, exact y as are

for we have, by definition,

F@®0)+ F(bY)=B and F(50)+ F(dy) =B
also, by the property of 60,, we have
FO)_F8), i (1 - FOD) (1 FOR,
B B, B B J
or F (btl') FGy,),
"B,

whlch proves iy, to be related by the scale of Gauss.
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Consequently, whether we assume p =c*tan’0, p, = c,'tan’,,
&c....; or, on the other hand, assume p = cot’d, p, = cot’d,,
&c.... the series 0,0, 0,... which determine p, p,, p,... are
deduced by the very same law. It amounts to the same
thing to remark, that we have

P l+g, g l+p

p‘=(1+b)" l+p’ q‘=m°m’

so that ¢, is formed from ¢, by the same law as p, from p.
Thus, “ When two original parameters are reciprocals, in
reference to the original modulus, so are every derived pair,
in reference to the new modulus.”
It also follows, that the more rapid the convergence of

P> P> Pos Pys P-oes the slower is the convergence of ¢, ¢,, ¢,, 9.+

if indeed they converge at all. This makes it important
whether p or ¢ be selected to approximate from. Legendre’s
equation is

P pid
2! l+p (140

whence, if p = ec, and p, = ¢,¢,, there follows

e, e+e¢ e, (1+e)(1+e)
hit I —yorl4lar—"10 = 7,
e 1+ec’ te 1+ec

If then p*< ¢, 6'< 1, and we deduce that { 1 + %‘ is positive,

or e, is numerically less than . Hence if p’<c’, p,p,,9,,2,...
decrease more rapidly than ¢, ¢, c,, ¢,...
- The relation of p, to » may also be written

- p YT
vp, 1l+p 146’
V(pr)

but our original equation, vp, = T

3 with equal clearness

shews that p, is positive whenever p is circular. Nor only so.
It also denotes that if the original integral be (-7, ¢, w),
the value of p, is not altered; for to change p to -, does
but change 7 to - p, and leaves (pr) unchanged. Never-
theless, a consideration of the process which elicited equa-
tion (42), shews that the conjugates p, —r in the first step
downwards generate +vp, and - vp, differing in sign: but
in the second step they coincide, and both produce the
same v, :

‘When the problem is reversed, and we desire from p, to
determine p, 1t is evident that there are two roots, p am{ -1,

NEW SERIES, VOL. VIIL—Noo. 1853. ®
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positive and negative, when NI is circular. But we cannot
carry the series backward from —r, without falling on imagi-
nary parameters. In fact, as p, is positive, if it proceed from
a real p and r, so —r, being negative, cannot proceed from
areal p’' and #. It may here deserve remark,. that we thus
learn of certatn imaginary parameters, whose integral can be
reduced to one real II.

XTII. It remains to develop the actual series.

Let ¥ =tan”(p sinw), so that

Q=30 +3§¥. :
‘When p is evanescent, II, = F,, and P becomes identical with
O-F. We have seen that v7{ll - F') vanishes with p; so
therefore does vTP. If then p, p, p,, p.... decrease beyond
all limit, so do 2, 92,9, Q....; and much more does 2-"Q_
vanish when n=w. Now, by repetition of the formula,
Q-270 =¥ + ¥ +1¥ +...4 279 ;

whence Q=¥ + ¥, + }¥, + &c. &c...,
which is the final development by descending moduli.

In the other notation we have

VTP( p,c,0)= }tan’(Vp, sinw,)+} tan(Vp, sinw,)
+ } tan”(Vp, sinw,) + &c.
VTP(-r, ¢, @)=~ }tan’(Vp, sine,) + } tan"(Vp,sine,) |
+} tan”, &c....
Taking the difference of these,
Q- b = ta.n“(a/p, Sinwl);
which agrees with (27).

The worst convergence is when p =¢: and since we may
select of ¢ and b the smaller, by means of the commutative
equation, the most unfavourable case which needs to be
encountered, is, when p=c=25. Even then, the series (44)
is computable with very moderate trouble. I conclude there-
fore that it is really sufficient for practical purposes.

Nevertheless, when ¢ is near to 1, we may seek for a
development by means of ascending moduli. We shall select
O = VTP(V tan’w, b, 0) to calculate, because, when B, o, 6
change to 5", 0™, 6", O™ vanishes with 3@, In fact it

will presently appear that 2".6m vanishes, when n=c0 .

(44).




On the Third Elliptio Integral. 211
One of the equations marked (87) is

t(dr -2) & o tant [einf
e +© - Q0 =tan {smﬂsmoo.

Change o, ¢, 0,2, t to 0, , w, ¢, z; therefore

b cos m}-

cos »°

W +Q-0= tan"{vVp, sinw,} = ¥,

In the last, change ¢, w, 0 to ¢, @', , which changes z
to 4z, but leaves ¢ unchanged ; therefore

‘}———”’(;:'t) + Q-0 =
Eliminate z and ¢; then

(2Q' - Q) - (26 - ©) = 2¥ - ¥,
But from (42) we have 2Q'-Q =¥.
Hence O-20 = (€ T8 75 OO (45),
which is our new equation of reduction.
Repeating it n times, we obtain

0-27.0m- F-¥)+2(¥-¥)+ 2(¥' -¥)+...to n terms.
We now need a Lemma, to prove that 9".0® vanishes when
”-I;’:':.;t, observe that when ¢ is so small that ¢* and ¢*tan‘d

are omissible, and ¢* tan’d is the parameter, we have the
following values :

0(c*tan’d, ¢, w) = f(1 - ¢* tan’d sin’w) (1 + §¢* sin’w) dw,
= o — }c(tan’0 - }) (v - % sin2w),
I{c'tan’d) = w{1-{cYtan’d - })},
Hew) = o + jc{o - } sin2w),
F. =4r(1+4c"):
and combining these, we get
P = }c* tan’0 sin2w = } p sin 2.

A(80)
Also vI- sin 0 cos@’
which converges to E;_O- , therefore
yTp =1 2200 oo,
sinf

P2
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Simslarly then é, when b is very small, converges to

b tan’w

i sin

and when we change b, 6, » into 5, §™, o', we know that
6™, "™ approach to fixed limits ¢ and & (which are less
than }w, if 0, @ are less), so that we have nearly

sin20:

tEII'
om - o2, —l\‘-) .8in2¢ = k.5*;
sin &

the quantity k being finite and independent of n. Hence
2~O™ = k.{2% 5"}, '

But when # =, 2*.5** is evanescent; and indeed the
quantity is extremely small when n=3 or even n=2, if ¢
is very near to 1. Hence we get ' '

O=(¥-¥)+2(¥ - ¥) + 2" - ¥) + &c....(46),
a series rapidly converging.

When © is known, we find & or o) by one of the com-
mutative equations. Thus

a=é+~p,-f;@w-t)

= {\P-z<1 - *iw)} +2(¥V-¥)+2\¥' -¥) + &c....

© has necessarily a form of development similar to (46);
for as the parameter of @ is cot'w, which = &’ tan’w’, we
need only proceed as if @°, not @, had been the original
amplitude in Q, and the result of (46) will be © instead

of . To change @ into ° does not alter sinw,, nor there-
fore ¥, ; but it alters ¥, ¥, ¥"..., say into ¥°, ¥"°, ¥"...,
therefore

O=P-¥)+2(¥° -¥)+ 2'(¥"°-¥° + &c....(46a).
Whether this series or the preceding converges better, seems

to depend on the evanescence of 2°6™ and 2"0™; ¢.e. on
tan’ew
sinw
Hence, if > o°, (46) seems not to converge so well as (46a) ;
but it converges better, if < w°. Nevertheless, both con-
verge well, when ¢ is near to 1.

the magnitude of , which evidently increases with .
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It may farther be observed, that since 2 - ' = 0' - ¥,
we have also Q®—Q®)_Q®)_Fm, Also since ¢, c,c',cd"...
w, 0,0, 0"...0,0,0"... all tend to fixed limits 1, o, ¢, so0
do Q', @', Q... *I" ¥, ¢"... tend to fixed limits ‘.Q.‘\Il; and
since .Q.""—.Q.('"" has limit zero, 8o has Q™ -¥™ ; § g, 'Q="¥;

or VTP(p', 1, &) = tan"'(vp sina);
or, since p'é are mutually independent, we have generally
VYTP(p, 1, ®) = tan(Vp sin @) .eeuvennee. (47),

which may be easily confirmed by direct integration.

Thaus in equation (42), as also n the reciprocal, and in the
conjugate equation, the function fan™ Ee replnced by an
integral of the form vTP(cot'u, 1, ). {n equation (8) we
might similarly substitute

CG(cw) - C,G(c,0) = Cc,G(1, ).
It is remarkable how the function tan"'(Vp, sine,) derlved
according to Lagrange’s and Gauss’s scale seems to intrude
itself into more elementary equations, as (21), (24).

Finally, it will here be remarked that equation (46) is onl
in appearance an equation of aacendmg moduli; for thoug

¢,¢,c"...ascend, yet b is the modulus of G) and 5,8, b" b"...
decrease by the same law as ¢,¢,,0,. Nevertheless, the mode
in which 64,6,¢6"... v, o', »"... are derived, is that which
we understand to belong to ascending moduli.

XIV. A similar treatment would manifestly apply to the
logarithmic P ; but Legendre’s adaptation of Jacobi’s great
discovery here supersedes equation (42), by resolving P into
a simpler integral. Indeed, Legendre’s reduction of I, or
rather of vT(l - F), to the mtegral T = [, EdF, will be well
exchanged into a reduction of VTP to the mtegral V= [,GdF.
Of course, as G = E-EF 0 V=T-}% ‘F’: and as G
is the fluctuant to E, and Pto I, sois Pto E The process
will then be as follows :

By Euler’s integration, if Fo + Fn = Ft,

Eo + En ~ Ef = ¢* sinw sinn sin¢,
sinw cos nAf) + siny cos wAw
- ¢'sin’w sin*y

When 9 becomes -7, let ¢ become e. Observe that we
equally have

and sin =

Go + G - G¢= ¢’ sinw sing sin{,
. G¢- Ge=2Gn-c*sinwsiny (sin& + siny).
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Let 5 be constant; therefore
dF¢ = dFw = dFt.
Hence

GUFt - GedFe = 2GndFo - *sinwsing. 2 sinw cosnAn |

1 - ¢*sin’*p sin’w
L JS ) L.
c snn_'r)’sm.m2 dFw.

o, 1= sin’y sin’w

or 3Vt -3Ve= G.Fo - A"ﬂ .
But the last term
= ¥-T {0 (- ¢ sin’y, ¢, ®) - F},
and, by equation (30), )
Gn=V-T {H_‘(‘_c;fflf’l? - 1};
which indeed might, be here at once inferred by making
® = 4w. Hence
V-TP(- ¢"sin'y, ¢, @) = § V(ce) - 4 V(¢ §)... (48),
which throws a new light on equation (34).
The simpler integral ¥ (c ») now claims a full examination.
XYV. Since
G(nmr+ ) = Go, and F(nr + o) = F(ar) + Fo,
therefore
V(nm+ 0)=[G(nr + 0).dF(nr + 0)= [Go.dFe = V{nr) + Vo.

Also, since F, E, G are odd functions of o, T and V" are even
functions ; therefore
V(nrto)s=V(nr)+ Vo
Let n = 1, therefore
VE-o)=V(r+ew)=Vr+ Vo.
If then @ = 7, we get
0=V(2m)=2Vxm; or Vr=0............ (49).
And since generally V' {(n+1)w} = V' (nx) + V7, we prove
in succession that V'(27)=0, V(37)=0, &c., and generally
V (nm)= 0, when n is integer. Hence
Virr+ o) =Vo................. (50).
This property suits 7" for tabulation, much better than 7.
If @ begins from 0, and increases to 7, ¥ increases while G
is positive; that is, up to @ = 4=, where G' becomes G, = 0.
After this G' becomes negative; indeed G'(T - w) = - Gw;

so that V" decreases after = 4w. Consequently, the maxi-
mum value of ¥ is at @ = 4, or when V=V,
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Again, since ’
Go + Go® = ¢*sinw sinw’ = M,
‘ Aw
and dFm:-—dF(‘)":gﬁ; ’
Aw

multiply these together ; therefore
¢’ sinw coswdw

AVe - dVe’ = —————
1 - ¢*sin’w
or Vo - Vo' = const. — % log (1 - ¢* sin’w).
Let o = 0, " = 47 ; therefore const. = - ¥, or -
Vo' -Vo=V:+logle ........... (51).
Cor. Let @ =3}, o’ = 0; therefore
-2V, =logh, V.=%logd’......... (51a).

Thus, if 4 be infinitesimal, ¥, is infinite. Nevertheless, even
for small values of b, V, is of very moderate amount, since"
it is only a logarithm.
When ¢ is infinitesimal, G(c @) vanishes for all values of ;
hence so also does V'(c ).
2 sinw cos wA®

So if, N = 2F(0, or’ Binild = m— N

and Gy = 2Gw - ¢’ sin’w siny, we get
VY = [,GY.dFY = [ {2Gw - ¢*sin’w siny} 2dFo,

or VY -4Vo=[-2¢sin'n. 2___smwzco.sa:Aw . do

l1-c sin‘w Aw

::log(l—c'sin‘w)....... .c----ooc(52)n

Equations (51), (51a), (52) are in close analogy with those
established by Legendre concerning the function T, the
integrations being the very same:

XVI. We proceed to apply Lagrange’s scale to V.

Since CG =C,G, + C¢, sinw,, :
, Sinw cos

or CG - C.',G, = §C¢ A(ow)
dF , dF, do
also C 3 Fl CA(co)’
multiply the two eqnations ; therefore
sinw coswdw
e

or V-3V,=-3%logA(ew)..........(53),
which, for a logarithmic II, replaces (42) for the circular II.
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As we have C {G(cw) - G(co)} = 2C’lG(c,ml)}

8o also V(ew) + V(cw®) = V(cw)+V,

If we repeat (53) n times, we find

V-2V =-2"]5ogA - 27 logA, - 2 logA, - &c. to n terms.

Also, since ¢, = 0, when n = o, 80 is ¥ = 0; therefore
V=-}logA - }logA, - }logA, - &c. ...... (55),

which is analogous to the development (44). In fact, apply-
ing the last to (48), and observmg that to form #%,7,,...
from 9, and o, o, ,... from o, by Lagrange’s scafe, an
then to form ¢, {, &‘, [ by couplmg o and 9, @, and 9, &c
amounts to formmg 4 (l, & &-.. by Lagrange’ s scale; and
similarly of e, ¢, ¢, ¢,..., we get

V-TP(-c*sin’, ¢, w) = 1 V (ce) - § V(D)
ay A ag
-}log-A—e+Uog-A— + & log Z;’+&c.
1+ D,

1+D 1+D

‘&l -k log

if D = ¢ sing sinw. This equatxon is the tra.nsformatlon of
(44) to the case of a logarithmic P, and-apparently must be
actually used to approximate to V—TP until tables of ¥ are
calculated.

When ¢ is very near to 1, we may invert the met.hod.
Give to (53) the form

V=logd + 2V,
or (V + logA) = (logA - logA') + 2(V"' + loga)).
Repeating this n times, we get

=-}log ; - &c....(56),

V+logA= log — +2log A,,-l- o+

() (n)
Now 2G%= 2E®-3% 5. E¥.  Also % -,
" PGOa B - LB

Again, when 5 is very small,
E = sinw + §b'[ tan’wd sinw,
whence 2" E®™ = 2" sin 0™ + 2*6*2, [ tan’w™d sin ™.
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- Now if @ < §x, the series 0, ®’, 0", @"'... decrease towards
8 limit @ < 4w, so that the last integral is finite and indepen-
dent of n; while 2"56™* is infinitesimal when % is infinite.
Hence, for infinite values of #, 2"E™ = 2", sin ®.

It is still easier to see that A™ = cosd, when n=00.

Also E*=1. Hence

9% G® = 2°. sind> — %’

F® F di>
But =B and B® converges to 47, F™ to :

08 ®

. on T w [awgpmw _ on [SIRD 0 FdF
S WP or 2.J.OG dF 2.L = do - ir BC’
y .
» (O] »} ==y, ——
2¢{ V® +log cosd} =~} BC

when n=0...(57).
or V™ +logA®} = - Iw. =

BC
Finally, then,
B 1 A A"
V— - o ——— — — 2 — ao b e
i BC'+ log N + 2 log r + 2'log YN &c....(58),

- which converges excellently when ¢ is near to 1.

XVII. As we had a new integral H so related to G' that
H- G =} 1—;%, it is well to conceive of W similarly
related to ¥. Namely, as ¥V = [ GdF, so let W= [ HdF;

’ F
.o W"‘ V=%F E—O ----------------- (59).

This indicates that the last series is a development of W,
analogous to (12),

AI . AII

K—,; + 2 lOg Z‘;ﬂ + &C. euue .(60).

Again, if sing = V-1 tan 0, we obtain from F{(cn) =v-1 F(50),
and from (183),

Wa logzl-,+ 2 log

V(cn) = W(50) + log cos
Wi(en) = V' (50) + log cos 0}

in which it is remarkable that v-1 has vanished entirely.
In truth, the transformation sin®=v-1tan@ is nothing but
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a device for enabling the sines and cosines of Trigonometry
to do duty for Ayperbolic sines and cosines; and we might
in all cases evade v-1 in this transformation by having
recourse to hyperbolic functions. If capital letters denote
these, thus,

Cosz = §(¢* + ¢*), Sinz = §(e" - ¢™), &c.,
so that Cos*z - Sin’z=1, and 1 - Tan’z = Sec’z;
it is manifest that, by assuming sin® = Tanz, we get

cosw = Secz, secw = Cosz, tanw = Sinz,

do = Seczdz, dz = secwdw.
secwdw dz

JA+btan'e) ) V(1+5 Sin'z) =¢(b, z).

Thus, by adopting the double form F and ¢, we might deal
with real functions only; and equations (61) seem to indi-
cate that the integrals of the second order, ¥ and W, recover
common sines and cosines, which were displaced by hyper-
bolic sines and cosines in the integrals of the first order.

The equations (61) facilitate many transformations.

‘We may moreover give another form to (58) by slightly
modifying the equation of reduction.

Since V'=1logA’' + 2V, V + log cosw = log(A'cose) + 2V’
=log(A’ cosw sec’®) + 2 (V"' +logcosw’). But A'.cosw sec’n’
=1 - §' tan’w’; therefore

V + log cos® = log(1 - &’ tan’w’) + 2( V"'+ log cos')...(62).
Repeat this n times; observe that 2% 7 *® + log cos@™) con-

Hence F(cw)=

F
verges to — jr.——; therefore

BC
W + log cosw = log(1~ &' tan’’) + 2 log(1 - 4"tan’w")
+ 2'log(1 - 8" tan’0") + &c.
Change sine into v-1 tanf, sine’ into v~ 1 tanf, &c. Ob-
serve that, by (61), we get
W{cw)=V(b0) + log cos 0 =¥V (50) - log cosw ;
hence V(50) = log(1 + 8'sin’¢') + 2 log (1 + &" sin*@") + &c.,
where 0, @, 8'... follow the scale of Gauss,
(1+5)sind
1+ sin’d ’

or V(0)= log(c sm0’) + 2log (;—c, 2%2—37)-;- &e.

. ' sin’g = O Sin0.
8inf = or 1+ &' sin’¢ 7o and

Ve’ sinf
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Let 0 = }x, therefore 6 = 4r = 6" = 0" = &...., therefore

"

—log & < s orlog o - .
V,=log 7t 2 log Ve + 2% log 1/6,,4-&0.... log Ve,

and V(80)="V,+log sing +2log Ziil:x:’" +2’log Zl.lz;% +&c....(63).

sinf
This is adapted to the case of & very small, and b is here the
modulus: hence the new series has no real advantage; for
it is less convenient than (55). Yet we may step back
to W(cw), and write
1-5 tan'e’ =

therefore W{cw) + logcose

¢ tano'
Ve tanew ’
tan

n
~ + &c....(64
oo (64),

tan o’ tano"
=V, +lo + 2 lo, 21
s+ 08 tan® g tanw’ + 408

which is adapted to the case of ¢ near to 1.
For logcosw — ¥V, we may write log(vc cos w).
A new development of G by the scale of Gauss, bearing
analogy to (63), may deserve notice. Since
C V(80)=log(1 + &' sin’d) + 2V (5'0);

a8 the series itself indicates; we get, by differentiating, since

F@0) _ F8)
B "B’
BG(30) = ?f—m‘,’—;ﬂ BAJY)+ 2BGEY)
= 2B sinf cosd + 2B'G(5'F)......... (63a).

It is easy to shew that 2.G'(6™0") vanishes when n = o ;
therefore

BG(30) = 2B sinf cos
+ 2°B"}" sin@"” cos@' + 2°B"'5" sin@" cosl’ + &c....(63D).
But this is less simple than (8).

XVIII. To approximate to ¥ (cw) is now as easy as to
find G(cw) or E(cw), except only that we have no tables
of it ready calculated. But it is not without interest to con-
sider the result of differentiating ¥ with reference to ¢ as the
variable ; for which purpose we step back to F, E, and G.

B F(cw)

Let a=6,z=1}1r. C

Then, in the scale whose
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index is n, to pass from cw to new elements c,®, changes az
to na,* nz. Moreover, in the higher theory, if we adopt,
with Dr. Gudermann, the notation of Ayperdolic sines and
cosines, the development of G' admits of the form

CG(cw)-w{sm% + sin4z + sin6z +&c....},

Sinma  Sin2wa  Sin3wa
which things suggest the advantage of making 4 rather thane
the base of variation.

The same process which demonstrates }7m=F.E+F,E~FF,
shews, in passing, that . % =-5¢cF! 1In the common
treatises we have

di' E F csinwcosw i
%-E—;——E,AT,whenmlsoonstant,

- 3 ‘%l - FYE-BF- & sin sine’}.....(65).
a7, ,

da

Multiply the last by % and subtract from (65), therefore

| (L
da F," da

Hence {7 ——==-F}E -bF,}, when o = }=.

= - F}{ G -c'sinwsinn’},

whence 3. d—f; (%) or :—z = F,.G(cw°), when o is const...(66)

Let A stand temporarily for CQ or F,G; t.e. A=F.E-E[F;

and let us seek for f‘_! .
da

. dE F-E
Since == = -
de ¢

dE
s 3 =" VF}(F-E).
dF
da
=~ EF'’sinwsine’............ PR (1 )X
by mere substitutions.

dA dE dE, dF.
AISO ‘}‘ﬂ'.-d—a- =F:.iw -d—a-— E*‘If. %-E'FE-i'ﬂ' ﬁ— .E‘..iﬂ'.

B, . : '
* For a=-‘(l—§, a,=F‘ gives a=;—lza, in that scale.
1
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It is observable, that we also have

im. é%w‘—) =~ EFc;
so that % = ginw sin ®°. (cf') ............ (67a).

In all these equations, (65)—(674), we suppose o to be con-
stant. But in general, when ¢ and @ both vary,

d(z) de do dez d(4) _d4 do  dd

da “dwdatda ™l “dw datda’
: d(z) _ 1}7r do
o T4 d(“) - jn %2 (‘;‘:)—Ilﬂ’c’sinmuinm".

Now let z be the pnnmpal variable instead of w; and when a
viries, let 2 be constant, or d-(ﬁ) = 0; and eliminate d_w from

. da da
the two last ; observing that

zj' FA—Ii and A4(o°) = Fc*sinwsino’ -—A(u),

. A i1—4@ F. AA -&-— - Fl*sinw coswA ...... (685.

dz _ dw
Multiply by Ir" I—,—A, and since z is constant in —

may integrate for z under the d; or

fd‘id“—fAd“—deFh,

.«}'rr.g; V(cw) = § 4 cw) — 3 F )¢ sin'w ...... (69),

when z is constant.

If this have no other interest, it at least shews that 4*
can be expressed in series of the cosines of 2z and of its
multiples: for the developments of V(cw) and F ¢’ sin’ew
are known.

XIX. The same notation facilitates the management of
E, @, and V in the higher scales. To avoid confusion, in
the scale whose index is m, let Ay be the new elements of ¥
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which are called c,», in the common scale. Then, since 2, a
change to nz, na, when co change to 4y, we have, as total
variations,
da__jr_dw
da F.Acw) da
dnz v & o [
wda = Foa0w0) " nda T 11O *E)
The left-hand member is the same in both equations, and we
may at pleasure assume any one of the variables as constant.

+ F,G(co")

If it be o, g—;’ = 0, therefore
oy o v dy
F.6(ew”) = F,G(W) + gratiss. 2 ... (10)

This is a generalization of CG = C,G, + C, sinw,, and super-
sedes a much more complicated one connecting E(cw) with
E (M) in Legendre.
Multiply by
dF(ce’) dF(AY?) 1 dyp
F. " aF, " nF, AW’
: 9=l A (a0 __db
o View) = L VW) - 3. o(da) g
which also is a generalization of (53).
dy

Since Jacobi’s equations shew 7 to be a rational trigono-

metrical function, the integral is of a lower order than F.

In Legendre’s own scale, the index of which is 3, equa-
tion (70) takes the form

F.G(cw) = F,G(h)) + §F..uc’ sina,.

sinw coswA(cw)

1= st siww (0%

where F(ca)=1F, and tan}(y - o) = ——* tana.
dF(cw) dF(hY) #
y JA = 3F,
V(cw) = 3V (hy) - iu log(1 - ¢* sin’a, sin’w)...(71a).
This easily gives a new development of ¥, converging far
more rapidly than (58): but until we have tables for the .

trisection of F,, the trouble of calculating the constants
makes this scale practically useless.

Multiply b » and in place of (71) we have
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It is proper also to notice here the relation borne by V
and W to Jacobi’s new functions. Let ¢ be a small fraction
such that logg™ = 7a, and @A functions such that

O=1- 2qcos2:c + 29“ cos4z - 2y"‘ cos 6z + &c... }
bl

A= 2g sinz - 2q sm3z+ 2g smSz &ec...
then, among other equations, Jacobi has proved that
P aine) o (g, im+2)
V(1 - ¢ sin’w) = vb. oz)
and cose = J M
O(¢2)
Legendre has demonstrated (2nd Supplement, § x1.) that
1E. 5y - 902

8(gz)’
If we multiply by 4. dFl(: ). dz, and integrate, we get
V = log(BO),
where 8 is a function of c.
When @ =7, V'=0; therefore 80 =1, or
B'=0(g, m)=1-2q + 2¢"" - 2¢"* + &e...., -
2bF

O(g, 2)
0—(-_;) ................. (72).

This elegant relation is obscurely expressed by Legendre
under the following form
2bF

log ®(¢z) = T(cw) - 4} F F¥cw) + § log —=

Had he used the integral ¥, he would not have overlooked
the following curious mference, which would certainly have
had a charm for him.

Since (by the form of ® when resolved into factors)

©(g", nz) = const. x O(g, z).@(g, z+ 7;:) .0 (g, z+ _?;‘:__") ..... .

n-1
Olg,z+ — 7 ):
(q z+— 'n')

But it suffices to write ¥V =log
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differentiate logarithmically, observing that
dlog® = dV = GdF,
and putting % the same function of nz as ¢ is of z. Therefore
nF,.G(g", nz) -
- E{G(g, z)+ G(g, z+ :—:) T G(q, z+ 17:3_1- r)}...(n),

in which we write after G the elements gz instead of cw, but
meaning the same quantity.

A ?rocess which is laborious in Legendre becomes easy by
aid of (72), (59), (61).

When sinw = V-1 tanf, and F(cow) = v-1.F(50),
1 Flew) = B F(0)
z ‘}‘l‘. C V- l.a.—ﬁ— = v-l.al.
Call T'(g?) the value assumed by ©(g, z); that is,
©(9z) = 1 - 2¢ Cos2at + 2¢™* Cos4at - &c.... = T'(g, 1),
. log BT (gt) = ¥ (cw) = W(b6) + log cosh, by (61),

= V(30) + }r. F—%g) + log 0660, by (59),

= logy© (r?) + }wat® + log cosl,

if ¢, B become r, y when ¢ changes to . Giving mhﬁ, v
their values, we get
13

log T'(g¢) = log @ (rt) + }wal’ + log cosf + § log = 19

which is one of Legendre’s equations, and, by means of
Cos®@ = \/ 4 . Alg, z+4m) readily gives his beautiful result
c @(gz) '

¢y

va.T(gt)=¢q ™ A(r,t+ h)}
va'l.T(rz) = r'G)’.A(q, z+4m)

so that A is found from 7, or T from A, according as one or

the other converges best.

In this part of the subject it must be added, that the
arc Q, elicited by Legendre from Jacobi’s theory, is no
other quantity than that which I have called vT'P; so that,
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according to the meaning of Qin equation (26),

s 2¢8in2z.Sin2al-2¢™*sin42.Sin4at+2¢>*sin62Sin6al-&c.
tanQ= — .
1- 2¢ cos 22.Cos 2at +2¢**cos 4z.Cos 4at - &c....

But it suffices to mention the fact. Dr. Gudermann has

:ﬁveral’ other elegant approximations to o) by this higher
eory.

I have thought that we might call the function v+ T{I1-F'}
the Principal Compound of the Third Elliptic Species, and
v+ TP its Fluctuant: also G the Fluctuant of E, H its
Companion ; T the First Integral of the Second Order, ¥ its
Fluctuant, and W the Companion of ¥. To avoid a per-
petual appropriation of capital letters, some such notation
as fIE for G, fill for P, &c. may sometimes be advisable.

XX. Lastly, it may be worth while to touch on a neg-
lected side of the subject; but, as it involves no difficulty of
ﬁrin;:iple, and possibly is more curious than useful, I may be

rief.

In fixing the standard forms of F, E, II, ‘two arbitrary
limitations are introduced,—to use circular sines,-and not
hyperbolic; and, to make the multiplier a negative proper
fraction (-¢’). Imaginary Amplitudes overthrow the former
limitation, imaginary Moduli the other. But to change - ¢
into + ¢' involves nothing imaginary, nor indeed, within
certain limits, to change &* into 4, which makes ¢*> 1.

For a moment put z = tanw, and let ¥(d2), x(dz) denote
what F(cw), E(cw) become ; or

1+ 6’z’> dz

¥(G2) "f..«/(l n z’)(f/z(l g~ R ACY) "fo\/(’sz’~ T2

Mere inspection of these shews that
ay(b?, z') = - b.y(bz) and dx(d", z*) = - b7.x(82).
To change z into z' changes @ into 4w - w; and if ¢ = siny,
to change & into 47, or cosy into secy, is equivalent to
changing siny into v-1tany. Hence, integrating the two
last, we find, if ® + 0 =%,
b F(v-1 tanvy, 0) + F(siny, o) = F,
bE(-1 tanvy, 0) + E(siny, o) =E,}

It is easy then to transform the developments which express
FF, and E.E, in terms of ¢, into others in which - ¢%*
stands for +¢’. For

b F(v-1tany, §=) = F, and SE(Y-1 tany, §=) = E,...(76a).

NEW SERIES, VOL. VIII —Nov. 1853. Q
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It farther follows that
bG(Y-1tanv, ) = b.E(/-1 tany, ) - b g_ F(-1tany, 9)

= {E.~ E(siny, o)} - 2 {F, - Fsiny, o)}

=— G(siny, ©)...ccccevunnnn perteeserane 77).
‘Hence also, if 4 stands for F.E - E F, we obtain
4 (V-1taney, 0) = - 4 (siny, 0)......... (78).

Moteover, since V = [ GdF,
V(V-1tany, 0) = [- 5" G(cw) x - bdF(cw) = AV (cw)
= V() = Vrvriveeereereeerenen, (79).
‘When o =0, V(vy-1tany, 3w) = - V,; ,

which is evidently correct: for since ¥, = §logd™, it does
but change the sign, if we commute b with .

For (79) we-may thus also write -
V(v¥-1 tany, 0) = V(siny, o) + }log cosy...(79%).

" It might at first seem possible to reduce the circular II to
integrals ¥ which have imaginary moduli; but these equa-
tions shew that such integrals fall back into the common
form. Moreover, if in IT the modulus is imaginary, the:
integral is logarithmic exactly when by its parameter it
might have been judged to be circular. To exhibit this may
well close our subject.

‘When ¢ changes to ¥-1tany, onr ordinary logarithniic
parameter - ¢’sin’y becomes tan’y.sin’;, which is positive

and apparently circular. Observe that if ¢ = sinsy,
V(1 + tan’y sin’y) cotn = 5 ¥(1 — ¢ cos’p) coty,
’ dF(/-1tany,0) - B.dF(cw) )

1 + tan’y sin’y sin’d  &* + ¢* sin’) cos’w ’

the denominator of which =(1-c*cos*n)-c*sin’ysin*w. Hence
if we change 7 all through into 4= — 7, we have

b:A(on) f dF(cw)
cotn J A¥en)-c* cos’psin’e

¥-TTI(tan’y cos’n, V-1tanry, 6)=-

~¥’tann dF(cw) A(c’; o) I1(~¢’sin’n°, ¢, w)+ const.

" "A(en) 'J1-csin’p’sin’w ~  tan
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Observe that %::o—) = V-T(- ¢*sin®°) ; then we obtain

v- TT1(tan’y cos™y, V-1 tanvy, ) + v-T'TI(- siny sin’y°, siny, )
= v/~ TTI(- sin’y sin’y°, siny, 47)
ERA 4 | FEEAE L o (80),

where the integrals are all logarithmic, and siny = ¢, connect-
ing 7 and 7°.
"To transform them into circulars, let

2 3.,2. 0
ginyn° =v-1.tand, cos'p = %‘?—) s
¢*sin*y’ -c*tan*®®  —cot®d

~ cos'd.

or tan’y cos'p = . = ., = =
yeosnN=1-¢ sin’y°  1+c'tan’d, 1+ cot’d

Hence v TTI(- cos’8, V-1 tanvy, 0) + v TTI(cot’s, siny, o)
= VTTILCOt'8). e nnnernrnrniinnnnnnnnnd (81).
In all of these, from (76) to (81), we suppose » + 0 = }=.

ON TWO NEW METHODS OF DEFINING CURVES OF THE SECOND
 ORDER, TOGETHER WITH NEW PROPERTIES OF THE SAME

DEDUCIBLE THEREFROM.

By ProressoR STRINER.*
(Eztyact from a paper read before the Berlin Academy of Science, March 1852.)
Séction 1.

Tae two following methods of generating the Conic
Sections are in a measure analogous to, and indeed embrace,
the two known methods of generation by means of the two
foci, or one focus and the corresponding directrix. The
first method consists in making the sum or difference of
the lengths of two tangents from the generating point to
two given fixed circles, equal to a given constant, instead
of, as before, considering the sum or difference of the dis-
tances from the said point to the two foci themselves as
given and constant. In the second method here employed,
the simple directrix is replaced by any number of given

¢ Translated by Dr. T. A. Hirst.
Q2
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