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ON Fa, ESPECIALLY WHEN @ IS NEGATIVE.
By Francis W, NrwMaN,

THE importance of bringing the function I'e, or f e r'dz,

within the elementary departments of Analysis, is acknow-
ledged. In so doing, the more difficult steps are found to
be the establishment of the equation
" 44, Ta.Th
F(a, d) orj:z" (1 -2)'dz T+’

and the extension of T'a to the case of @ negative. It is pro-
posed here to indicate the order and mode of investigation,
by which all may be effected, without involving any process
at which the most cautious learner could justly iesitate.

We commence with the Primary Properties of F. We
suppose @ and b positive ; then F'is finite.

From the first principles of integration, it is obvious to prove

TF@,b)=F®}a)...ccecvveeunn (1),
F(a@,b)< F(a,b), fd >a.......... (2),
F(a, b)=(l +-Z->F(a+ Lo ..., (38).

So far, all reasoners, from Euler downward, have proceeded
alike. Observe now, that if 6 + @ is an evanescent fraction,
we have from the last, that F (a, ) = F (a + 1, b),—or the
limit of their ratio is 1, when & + @ perpetually lessens. But
(for conciseness merely) we may here dispense with the latter
mode of expression.

It follows, that if 7 is any finite integer, and (b + a) eva-
nescent, we have F(a, b)) =F (@ +1,8)=.... = F(a+r1,b).

Also, if & is a proper fraction, we see by (2) that F(a + 7+ 8, b)
is between F(a + r,5) and F (@ + r + 1,8). Put r + & = any
finite number a, not necessarily integer, and we find

F(a,8) = Fla+a,b), 1f§ - 0 and « finite. . . . (4).
We proceed to develop F (a, b) in a series of factors.
Repeatedly applying equation (3), we get

a+bd 1+a+bd n-1l+a+bd
F(a,bd) = P Tra " T ho1+a . F(n + a,b).

Write 1 for a, » - 1 for n, in the last; then

F(l,b)=1;‘b.2;'l’....”;i‘l‘bF(n,b).




-

Divide the former by the latter, observing that F (1, 8) = 4';
. a+bd 1.14+a+b 2.2+a+b
- F(a,8) = ab "1+a.1+b6'2+a.2+5b"

F(n+ a,b)
F(n,b) °
Now in equation (4) write n for a, and @ for a; make

n =, and we find F(n, b) = F (n + a,b), provided that a is
finite : hence

Fla b)=a+b. 1+ (a+d) ' 1+§(a+b)_—' 1+}%(a+d)
’ ab "1+a.1486 1+}a.1+}b 1+3a.1+}0
cooe &l (B).
Examine this result, and it appears that if we venture to write
Y(a) fora(l+a)(1+4a)(1 +}a) &e......
we shall have F'(a, d) = ¢ (@ + b) + (Ya, Y&y ; which resolves

F, a function of two variables, into i, a function of one. But

a little inspection shews iy to be infinite ; since ‘

log ya =log a + log (1 + a) + log (1 +}a) +log (1 + } a) + &c.
=loga+(1+§+}+}+&c)a-}8a"+§Sa’-&c....

by developing, when a is < 1. Now as the coefficient of a |

is infinite, so is . Nevertheless, that suggests another as-
sumption, free from this inconvenience. Suppose
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to n factors

l1+a 1+ja 1+%a
¢ & &
~logpa=loga-48,a+}8,a'-}8,a'+&c......
which is finite. And since ¢ = ¢". ¢’, we have quite as much -
as before ¥ (a +b)
F(a,b)=———¢a.¢b s eessen e (7).
Change a into (a + n) in (7);
ZF@a+n,b)=y¢@+n+bd) =+ {Y(a+n).Yb},
F(a,b) =¢(a+b).¢(a+n)
Fl@+nb) JYa.y(@+n+d)

And since the right-hand member is not affected by ex-
changing n with 4, Euler’s well-known result follows :

F(a,b) F (a,n)
F(a+n,b)=F(a+b,n)'

Ya=a.

whence we deduce
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whence by equation (1) we have
F(n,a). F(n +a,b)
Fnya+d

Make 7 infinite in comparison with a and b, and observe that
by (4) we then find F(n + a, b) = F(n, b): consequently

we get
_F(n,a).F(nb)
F@®=—pG a8

This equation has a close analogy with (7), and leads us to
examine the nature of the function F (n, ) when n = oc .
Put z =n'y; therefore

Farva-[a-apetde-[0-wyrwyay
' =n".fme"y"‘dy.

Denoting therefore the last integral by I'a, we obtain from
equation (8) by mere substitution,

Fa.TH

F(“’b)=r(a+b)' R )

Comparing (7) and (9), it occurs to inquire, what is the
relation between i and I'.  The one might be the reciprocal
of the other, as far as these two equations are concerned.
Put then I'a = xa . (Ya)”', where  is an unknown function.
Substitute this value for I' in (9) and simplify the result by
(7). There remains x (@ + ) = xa . xb; which can be solved
either by differentiating or by still more elementary methods,
and gives xa = €™, where  is an unknown constant.

F(a,b) =

» Whenn = .... (8).

PR _e*“ & . &c. .(10),
a 1+a'l+ka’1+}a

Hence Ta =

and when a@’is < 1,
logTa=-loga-ya+ {a-log (1 +a)}
+{}a-log (1 +3a)} + &e. ....
=-loga-ya+}38a-}48a +4§8a" -&c....(11).

Proceeding to the integral r e* z*' dz, it is obvious from
[}

the first principles of integration that
F@+1)=ala;T1=1;Tr=1.2.3..(»-1)....(12).
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so that we readily find in (11) that
1-(1-log2)+(§'—log§)+(§-log§)+&c.} (13).
=}8,-38,+}8,-38,+&e
Indeed from (11) it is easy to find (1 - y) by still more
rapid convergence. But having sufficiently determined ¢,
let us take up the consideration of T from a new point of
view. Namely, let us assume the equation (10) as the
definition® of T'; then we know this to be identical with
Ta = f e*2*'dz, as long as @ is positive: so that all

inferences drawn from the latter still hold good, under that
limitation. Nevertheless, when @ is negative, it is not the
less true that T" (@ + 1) = a T'a; which may be thus shewn.

. e’ ¢ & &
Since ra='a—'l+a'l+§a°l+§a°
change @ into - @, and multiply by the result
Fea.T(-a)=-a*{(1-a)(1-}a) (1 -}a")....}"
- mwa™
sin . 7a
Suppose a positive ;

therefore F(-a)= m ceeee. (14).

Write (e - 1) for a; then
' r(t-a)=

&ec.. ...

T
sin ma .Ta
and the last is an extension of T' (1 + @) = aT'a to the case
of a negative.

ThenT (1 +a) T (- @) = — 7 + sin 7a, for all values of g;
or Frl-a).Ta=mw=:sinma.......... (15).

Thus the Complementary Equation is demonstrated for all
values of a: and all other properties of I readily flow out of
(11) (12) and (15).

=-a.T(-a):

¢ Then even if ¢ is imaginary, it can be strictly proved thatI' (1+a
= a I'a, by taking, first, n famao’rs of the series, ang afterwards xfmking
n=o : also that I' (1 +4).T (1 —a) =wa < sin »a.
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