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ON LOGARITHMIC INTEGRALS OF THE SECOND ORDER.
By Francrs W, Nawman.
§ L

1. THE general formula [Fiz.log Fz.dz, where F,F,
denote rational functions, contains a variety of integrals, all
of which, it will be shewn, can be reduced to ¢Aree.

By the common method of finding [F,z.dz, we perceive
that there is some rational function F: which fulfils the
equation :

_d A pr+9q
Fe-ple+ 20 2(z—p)’+v"
Also, if Fz be reduced to the form of a single algebraic
fraction, it may be denoted by F'z + F"z, where F" and F”
are each tnteger. Consequently we may write

log Fz = 3.4, log(az + b) + 2.4, log (a'2" + b'z + ¢').

It immediately follows that [Fz.log Fzdz is separable into
the two forms [Fz.log (az+5)dz and [Fz.log (a'z*+b'z+c) dz.
In the former, introduce the preceding value of Fz, and we
obtain for the integral -

Fz.adx
log (az + b). Fzr - y;
log (az + b) (pz +q) dz
+ Z.Af—-szi+ Zflog(az+b).(——z_”),+yz.

Of the three integrals which here appear, the first is rational.
In the second assume az + b =mz'; . a(z - ¢) = mz' - b - ae.
Assume firther, m = b + ae; then

flog(az+b)dx=logm.J dz . log,z.dz,
z-e z-e z -1

provided that m, or (b + ae), is positive. If otherwise, put
z=e¢4+mz',and am' = - (b + ae);

. (log (az + b) dz _ ). log 2= ¢ _ [log . dz"
o j—T_T—-log(m+ )- 0og poo 2 -1 .
In either case we arrive at the elementary form
log z.dz
L(:z:)=f; e e, (1),

which Spence has tabulated. As for the integral

flog(az-rb).g':i———)?)_‘_i:,
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the same assumption, az + b = mz’, if we give to s a suitable
constant value, produces two general forms which may be
denoted by

.flogzdzand;flogzdlog X; if X=F-2ccosa+tl.

X
Let @ be an arc such that tan @ = £ sin « = (1 - £ cos a), or,
what is the same, £ = sin @ = sin (@ + a): then

do - 222, andsina.flog;dz
= [log sin wde — [log sin (@ + a) de.
Suppose Y to be a symbol for a new function, such that
b(w)=-flogsinwde . .........(2);

then sina.(log;dc=’7(.+¢)—'70-'7¢....(2).

No similar reduction occurs, by which we can exterminate
the arbitrary constant from the next integral ; and we must
be satisfied with writing
log z.(z — cos a) dz
A (z, a) for P _ozosasl or} flz.dIX...(3)
It will be sometimes convenient to put

Az, a) for } [, log (& - 2z cos a + 1). ‘i_‘....«),

which is a supplemental function to A, and so related that
A(z, a)+ A(z,a) = §log z.log X.
We may write Az, Az when no change of a is contemplated.

2. We have now to go back to fFz.log (a2’ + bz + ¢) dz.
By substituting as before for F,, we reduce the integral to

%az +8) dz
Fiz.log (a* + bz + ¢) - F;.%

log (az’+ bz + ) f (pz + g)dz
+2Af - o dz+3 log(az’+bz+c).___(z_p),+?,
Of the three integrals remaining, the first is rational. The
second is readily reduced to the form X\, by making (z - ¢)
= mz'. The third, by making z ~ u = m2’, and determining
m aright, produces the two new forms

ndz _ zdz
x,- [log X. 755 %= [lg X. 7=,
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each of which has two arbitrary constants, a and #n. But for-
tunately we can reduce X, to b, and X, to L or A. First,

for X, put 2 = n tan w, % = tan v; z%=d¢.

X=1-2ntan @ cos a + 7° tan’ @
= (cos’ ® — 2n sin @ cos @ cos a + 7’ sin’ W) + cos® ®
= {(1 + ) - 2% sin 20 cos a + (1 - 7*).cos 2w} + 2 cos® w
= (1 - sin 2v sin 2 cos a + cos 2v.cos 2w) + 2 cos’y. cos’ @.
Let u, B be taken such that sin u sin 3 = sin 2» cos a}
sin u cos 3 = cos 2v ’
cos u = sin 2» sin a, and tan 3 = tan 2v.cos a.
Also X = {1+sinu(cos2w cos3- sin 2w sin3)} + 2 cos’v.cos’w,
=(1+sinucos @)+ 2 cos’ vcos’ w; if =20+ 3:
whence X, = flog X.dw =} flog (1 + sin u cos 6) d@
- o log (2 cos* ) - 29 (7 - ®). . ..(5):
in which the remaining integral has but one arbltrary con-

stant.
Farther, let m = tan Ju, or sin u = 2m +(1 + m*) = 2m cos? «!p,

~. log (1 + sin u cos ) = log (1 + 2m cos 0 + m?®) + 2 log cos Ju.
Assume 9 such that tan 9 = sin 0 + (m + cos 8),
or m = sin (0 - 9) + sin 9,
.1 + 2m cos 0 + m® = sin’ 0 + (m + cos 0)°
. s (sin 0)' (sin 0)’
= sin’ 0 + == .
tan 7 sin 79
whence § [ log (1 + sin u cos 0) df
= [{log sin 0 - log sin 7 + log cos }u} dO
= - b0 - flog sin 5.d0 + 0.1og . cos }u.
Now [ log sin 5.d0

=flog.sH:T_—").d0=flog s—in(:——").{d(o-n)+dn}

=~ 5(0 - ) - (6 - m)log m + flog sin n.dy
=-Y(0-n)-(6-n)log tan }u-Yn
Therefore } flog (1 + sin u cos 0) dO ©)
=bH(0-7)+5n -5 +0log sin }u - 7 log tan }u ™
sin
tan ju+cos@’
and completes the reduction of X, to the function 4.

which is a general formula, provided that tan 9=
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8. The integral X, remains. Using for X the same
transformation as before, let us write 20 in place of 0, so
that now 20 = 20 + 3. We have, moreover,

z;dz = }dlog(n’ + ") = § d log sec’ » = tan wdw
and also = — § d log (2 cos® v . cos’w).
Whence

Xg = f{log (1 + sin 1 cos 20) - log (2 cos® ¥ . cos® ¢.))} x’zfz”’
= flog (1 + sin p cos 20) tan wde + }log®. (2 cos’v . cos® v).

Put b = tan }3; ¢ =tan 0, dm=d0=—{t—t,:
- b\ t-b
Ccos 20—-——7’, tan @ = tan(o §>=_1_-;Tt,

-6  dt _ tdt  bdt
1+bt°1+t’"1+t’ 1+5¢°
Hence the integral which remains, becomes

and tan w.dw =

{ﬁog{l+t’+smp (a-6}- log(1+t’)} (l+t’ lidtb})'
‘Write :
T,= flog {1 +sinp+(1 -sin u).#}.}dlog (1 +7),
T,=flog(1+&).}dlog (1 +#)=}log*(1 +1*) =1log" cos 0,
T, = flog {1 + sin p + (1 - sin u). £’} d log (1 + b¢),
T, = flog (1 + £) d log (1 + b2).
Then X, =T, - T, - T, + T, + }log®.(2 cos’ v. cos’ w).
To find T, let 1 + #*=mv, and m = 2 sin p + (1 - sin u);
T,=3fl1{2sin u.(1 + v) dl (mv)
=}(@sinp)lm)+3L(1+0v);
where mv = sec’ 0,
l+t’+smp(1—t’) sec’ 0(l+smpcos20)
2 sin u 2 sin g
1 + sin u cos 20
sin u (1 + cos 20) °
For T,, put 1+ bt =kz, 1 +sin p+ (1 - sin p) &
=b%{1+8-(1-b")sin p - 2kz(1 —sin p) + £'2° (1 - sin p)}.
Take % such that £*(1 -sinp) =1+ 5" - (1 - 3*) sin p;
or =(1+8) {1 - cos @ sin u} =sec’}3 (1 - cos 2v);

l1+ov=

so that T, = - log (2 sin p) log cos 6 + } L
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—~ COos 2v
k =sec =
\/ 1-sinp

Also let cos y = £ = cos = B l_—smﬁ
2V 1 - cos 2v’

and observe that 34" (1 - sin u) = (sin }3)™ (1 - cos 2v),
cos (0 -33) cosw
cosyf3cos® cos 0°

alsokz=1+bf=1+tan }(3 tan 0 =

Hence
T = [log {(sin{B)™. (1 - cos 2¥).(1 — 2z cos y + 2°)} d log (%z)
= log {(sin }8)>. (1 - cos 2v)} log s @ 9t 2A (=, 7).

From this we may deduce 7, by momentanl}z' supposing =0,
which makes cos 2v = 0; so that writing £y for %z, we get

¥ = sec §3, and y changes into 5/3 Also y = cos‘;

T, =-logsin®}f3 log P 0+ 2\ (v, 383),

and - T, + T,
== log (1 - cos 2v) lo pad
= - log g o

5+ @ 4B) - TGy );

in which we may deduce z, y from y, 33 by writing
P sin p

1-cos 2v’

Combmmg all the results, we have to observe that (neglect-

ing constants)

1P(2 cos®v cos’ @) — (2 sin w) ! cos O ~ P cos O

-1(1 - cos 2v)(! cos @ — I cos 0)

Vein p\
sinv /°

vsin p)

sin v

z=cy, cosy=c.cos}f3.

= log® (# sec w) - log* (cos 0.
Whence, finally,

= log® (» sec ) - log® (cos 0.

1 + sin p cos 20 B\ _ (
+§Lsinp.(l-a-cos20)+2A< ’—) 2A(z’7)J

Observe that ny™ =n cos }3-zsin 3 ; and the quantity under
L may also be denoted by M The result thus

n p
obtained admits likewise of other forms, by means of the

NEW SERIES, VOL. Il.—AMarch 1847. a

(7).
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properties of A and A; but all that is here aimed at, is to
shew the possibility of the reduction.

It is easy to verify our result, in the case of a=}w. On the
whole it has appeared that the integral {F;:c log Fzdz con-
tains only three elementary forms, which we have denoted
by L, b, A. It is proposed to call these Logarithmic In-
tegrals of the Second Order.

4. Before leaving the integrals X, X,, it may be well to.
examine the special cases of » = 1, and of z=00. First, to
find X, when 2z = .

Put X' =ftan“$.dlog X =log X.tan? - X,:
[
X’ z  dX,

B LR e
_ dX'  dX,
and when z = o, = A
. dX' -z .
Again, W=ﬁm.dlog X ; which we assume
.=f 2px+2q+2r(z—cosa)+2ssina de
ol 2*+n? z'— 2z cosa+1 ’

and by common methods we find that if N=n*+ 2#*cos 2a +1,
_ ¢os a.(n’+1) g=- n(n’+ cos 2a) = (#’-1)sina

e AL R 55
aX 2 2+ n*
AlsoW=_plog(n)+plog e |
+2gtan” 4+ 25.tan?, _Z5BE
n l1-zcosa
Let z = o ; then integrating for 7, observing that% =- % ,

- X, =-[,2logn.pdn+x [ ,gdn+2(r - a) [ sdn;
observing that as X, vanishes with %, no function of z is to
be added. Now
2pd”___2cosa(n’+ 1)dn __ cosa.dn . cos adn

n'+2n’cos2a+1 n*-2msina+1 n'+2nsina+1’
siftanp =

7 cos a 7 cos a
1-nsina 1+nsina

_[cosa.logn.dn chSa.logn.dn
~’;2108'”'1"“_'fon'—2ntsxina+l+ on’+2nsina+ 1

=[H{p+Gr-a)}-9p-9@r-a)]+[H{c+(Gr+a)}-Ho-HGr+a)].

, and tan o =
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It will in a following section appear that .
b@r - @)+ b G+ a)= .
A .
. -1 . 1 n'—2nsina+1
Again, [ qd; ilog N; [,2s8dn = }log. T omemarl

As before, take tan 3 = tan 2v cos a, and cos p = sin 2vsin a;
add to this, tan 3' = cos 2v tana; .p+o=FB,p-a=a-[3';
from which we easily find p and 0. Also

1 - sin 2v sin a
1 +sin 2vsin a
and N =(n"+ 1)’.(1 - sin* 2v . sin’ a) = sec* v . sin” p:

Jo28dn =}log . = log tan jpu,

so that finally, f log (1 - 27 tan @ cos a + 7* tan® ®) do
o

«s(8).
=} log (sec’ v.sin u) — (r - a) log tan ju ®)

+thGr+p-a-Har-c-a-Y -5

A similar process applies to X, when z = o ; and by help

of the property (to be hereafter proved) that, when z = w0,
{2A (z, a) - log® 2} = 3x* - 27a + a*;
yields {log’z - X,} when z = o0, } ©).
=3n -ma-txB-(r-a) B +iA(n 7w - 2a) |
Lastly : ) »
Whenn=1,‘i§! f2zsma zdz=tana.f{ﬁ zxx}dz
° 0

da X 1+ X 1+
- tan" zsina tanalo X
‘1 -2zcosa g Bl iz

Teet cos a = A, and observe that
d\ (z, a)=fsin a.dz _ tan”, % sin a
X

da "1-zcosa’

s X, = f(@) + Mz, a)—if;log{l - 1—2_%} dTh

To find the asbitrary £, let a = b, h = 0, .. X, =}log*(1 + ),
and A (z, @) = 3 f,log (1 + z*)d_; “1Z(1 + 2);
o f@=1logt(1+ ) 4Ll + 2
and X,=f(z)+7\.(z,a)—§L( X )} (10),

1+ 2
G2
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which is a simpler expression than would arise from putting
n = 1 in equation (7).
§ IL—On Spence’s Muf“f"‘?.
z-

5. Spence has tabulated this integral, on the assumption
that z is positive; and this suffices in practice. Yet it
embarrasses us in generalizing concerning the integrals
which are partially reducible to L, not to be at liberty to
suppose z negative. Supposing log z to have arisen out of

integration, and to be = fdf-, no imaginary quantity results

from regarding z as negative : in fact, we may look on log z
as a short mode of writing jlog 2°; then, in passing through
0, z produces no discontinuity in L. :
The following are the chief properties of L, which are
easily verified :
Lz + L(- 2) =} L(2") + } Lo,
L 2)+ LO Fz)=logz.log(1 ¥ 2)+ Lo,
Lz + Lz™ = }log*z (z positive),
LO+2)+ L(1-2)=}LQ1 -2,
LA+2)+ L1 +2")=}log’z+C;

where C = 2L2, if z is positive ; but C'= 2L0, if 2 is nega-
tive. This is proved by making 2z =1 in the former case,
and z =— 1 in the latter. The discontinuity is occasioned by
L(1 + z™) becoming infinite, when z is passing through 0.
So, if we wish to make 2 negative in the third formula, we
must add 2L (- 1) or - }#* on the right-hand side. Farther,
we have

-Lo=2L2=}7", L(-1)=-8L2=-}x"
When (z - 1) is infinitesimal,

—1\2

Lz=z-1, and }1r2+L(-z)=(z__2_l.) .
When z is large,
L(-z+1)=2L0 + }log* z+ 172+ 272+ 82+ 4%+ &c....

If we desire to know L (- z) numerically, we may either
calculate it by the last formula, or (when z is not large)
deduce it b{ the first or second of the equations from
e. :

Spence’s Tab
In future I shall always employ log z as a mere repre-

sentation of %f or }log (z*); and it will only be necessary,
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in correcting integrals, to observe whether the arbitrary con-
stant is altered by supposing the quantity under log to pass
from positive to negative.
§. IIL.—On the integral, - [ Jog sin zdz.
6. Since log sin z and log sin (- ) are by hypothesis the
same, or to speak otherwise, since Y (2) = - }/, log sin® z dz,
b =8z ees (1)
Also b (nm + z) = F [log sin (nw + 2) dz = F [log sin z dz,
: or Y(nr+2)=Yr) Y.
Make % successively 1, 2, 8,...] and we find Y (nw) = nbm.
andz=m .
Hence it readily follows that
Y(nw 1 2) = w1 he
* e 6000 12 e
Yr - 2) = r - bo; b=l 0000 (1D
These equations indicate, that to tabulate Y from z=0 to
z = }= will suffice. .

7. To find Y.
Since - log (2 sin z) :
_ =08 2z + 2" cos 42 + 3™ cos 6z + 4 cos 8z + &c.,
therefore bz = z log 2
+4{1%sin 22 + 2 sin 42 + 8 sin 6z + &c.. . }... .(18).
Hence Yr = w log 2 = 2177586 0933046.
Allo Him=lhr +}{1°-87+5° - 77497 - &c.}.
8. Since sin 22 = 2sin 2 sin (3= - z), take logs. and integrate ;
o 19 ©22)=(r - 2)log 2 + 52 - H (3w - 2) ... (14).
We may generalize this theorem. Since
sin nz = 2*.sin z.sin (E + z) .8in (—21 + z) ..o 8in (f-_—l 1r+z) R
. \n» n n
take the logarithms, as before, and integrate ;
;1‘-'7(m:)= C-(n-1)zlog2+Y9z+ '7(;—:+a:) Foeen

‘o find C, make 2 =0;
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In inverted order,

—0='7n;114+'7”;2t+....+5§.

Add these together, observing that

rr n-r
270 (B2 )-
 -2C=(m-DbYr=(n-1)xlog2,
whence 5'7(nz)=—(n—l) Gr+2)l2

T Lfn—-1
+‘)z+'7<;+z> oot ‘7(—n— r +z)....(15).
If we change z to - z, remembering (11),

%'7(nz)=+(n—l)(;‘,1r—z)l2 +'7::—'7<§—z>—&c.....

n-1
- '7 (—”— L 3’) ’
which contains (14) as a particular case.
From either of them, by help of (12), putting n=8 andn=35,

15(82) = - 2212 + 9z + H (60° + 2) - H (60° - z)
15(52) = — 4212 + Yz + H(36° + 2) - H (36° - 2) }---(16)
+h(12°+2)-H(12° - 2)
If in (14) we make z = 30°, and in the former equation of (16)
make z = 15°, we get, by help of (14),

1760° = 530" + Yo } ...... ar).

49450 = 2515 - 1H30° + fbr

9. By help of equation (14), if a table of & has been com-
puted from z = 0 to z = 45°, we can continue it to z = 90°.

Generally, if the table be given from 2z =0 to z = a, we
can work by a double process, as follows. First, suppose 2z
to vary from 0 to @, in which case Yz and 9 (2z) being
known, we determine 9(90° — #) by equation (14): thus
becomes known from z = 90°to z = 90° - }a.

Next, let 22 vary within the last-named limits, supposing a
to be not less than 45°, and z may lie within the limits = = 0,
z=a; thus 9(22) Y (2) are again known; and we deduce

(3w - 2); that is, we find 92 from z =}= to z = {(x + a).
Let a,=}(w + a); and the process may be repeated, writing a,
for a; then we fill the table as Aigh as z = }(r + a,) = a,, and
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as low as z=}(w - a,). Again,leta, =}(7 + a,); and, by a

third process, we rise as high as z = ¢, and come down as low

as z = §(w - a,); and so on.

Nowa,=47'r +4*(m +a); g,=4"n + 477 + 47 (v + a); &c.

Ultimately a. = w {47+ 47+ 47+ 4*+..} =,

and b - ax) = §(m - §m) = }m. .

Thus the opposite series meet, and the table is filled. :
In practice, if # in the table passes from degree to degree,

the steps will be as follows. Given the table up to z = 45°.

First; let 2 = 1°, 2°, .22°; and, by (14), fill the table from

z =89°to z = 68° :

Next ; let z = 84°, 35°, ,44°; and fill from 56° to 46°.

Thirdly ; let z = 23°, 24°, .28°; and fill from 67° to 62°.

Fourthly ; let z = 31°, 32°, 338°; and fill from 59° to 57°.

Fifthly ; let z = 29°, and we get H61°

Finally ; 4 60° is found from & 30° by (17).

10. If we combine the use of (14) with the former of
equations (16), we can fill the whole table by starting from
the limit # = 30°: and although errors might accumulate in
so long a process, equations (15), (16) give us such eas
modes of verification, that this perhaps is not to be feared.
From z = 0 to z = 30°, bz may be found with two or three
decimal figures more than are wanted in the higher parts of
the table, which will obviate this difficulty.

To give conciseness to the following explanation, write y
for z in the former of equations (16), then we have

1520) =(Gm - 2) 12 + Yz - H(90° - 2),

@ {0ogp= - 2y + by + o0 :

y) =~ 2912 + Yy + H(60° + ) - H(60° - y).
Suppose bz to have been found as high as z = 30> Find

b 60° and B 45° by (17).

Put z=1° 2°..15% and find Y2' from 2 = 89° to 2’ = 75°.
In equations (¢) make z = 18°, y = 24°;

oo hse + 5720 =2hr + H1g° }

bse +ih72°=H 24 + 584 - gba/"

Since the right-hand members of these two equations are

known, we, can solve for '736° and 9 72°.
29°, 28°,. . ..25°; then Sy, b (3y) and '7(60‘:1 + '7!!,/),

Put { =
being known, we can deduce H(60° -'y); i.e. we
from y' = 31°to y' = 35°.

bt ettt et

|
|
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Make y=20°, and we find 540°: make z=36°, and we find Y54°.

cee. =27 . ... ee...b63°: L y=215..........b30

y=18% . ......... bao°: z=21%.......... be9-

e Y=285 ..., bsr*: ... y=9"....... ...bs1e

e Yy=1T0 bas®: . ... y=12°.......... bage.

y=16" SRR Y7 S S 5 7 ....hee".

e Y222 e b3g:.... 2=83,......... Y57°
L y=19%. ... bar.

Thus the table is filled as high as z = 45°; and the gaps in
the upper portion of it may be completed by the former
method.

11. To expand Yz in converging series, when z does not
exceed 30°.

First, putsinz = y,

o he=-zlogy+ fsin’y.y'dy.

Expand sin™ y and integrate. There results
bz=-zlogz+1*sinz+}.3%sin’z + ; . 5sin’z + &c..(18).
Thus, in particular, if z = }=,

b30°=3hr + 1020 +}.8% 2%+ 1.3

32 = 5% 2% &c..
Next,let S,=1"+2"+ 3™+ &c.. .aknown sum ; and z=7w;
. o’ o' o'
logsm (1'0)=10g(ﬂ'¢)- L?, I—-S‘-2- -S.-s—-—&c" .
Integrate

—")(ﬂo)-u{l-logru}+S, s‘% S, . 37+&c
...... (19).

To increase the convergence, add to the penultimate series
before integration :
-log (1 - ') = &'+ }0' + o' +....&c.
— log sin (ze@) + log (1 — &%)

- log (ww) + (S, - 1)‘%',»(.5:- 1§t +(S,— 1) ja* + &e.

whence

l")(-u-w)= o] 3—log ro-log(1 -o))—log( l+w)}- log o

r @) .. (20),
+(S‘—1)1 +(S-1) +(S 7+&c...
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and if @ is less than §, each term of the series is less than
144 of that which precedes it.

If the coefficients are formed into a table, and the series
be adapted (if necessary) to the common logarithms, it will
enable us to compute bz from z = 0 to z = 30° with much ease.
The most troublesome part of the calculation, when many
decimal places are required, is the multiplying by =, (or by
= . hyp. log. 10, as the case may need.)

12. We may modify the process so as to obtain a some-
what simpler series, thus: Since '

bz = — zlog sin z + f,z cot z dz,

1 22 2z 2z
also cotz==- - - - - &c.
z w-7 4an'-7 -2 ?
- 22%dz e+
andﬁm=2z—r1r.logm_xf‘ let z = 7o :

:?'7(1rw)=w(l—lsin.1r¢o)

l+w 2+w
+(2m-—l.l >+(2w-2l§_—w)+.... .. 21).

. ...+(2¢»—rlog.£+—9>+....
. r-w)
Take n terms of this series, so that # = (» — 1) in the last,
and let R equal the remainder. Put N_ for n™ + (» + 1)™
+ (7 + 2)™ + &c.. . and observe that

r+w [o’ Lo .
2w—rlogr_w=—2ml§;+5?+7r,+&c.},
;. }R=- N,}o’- N, {0’ - N,.}o" - &c. ...(22).
If we take the most obvious case of n = 2, N, =S, - 1;

l-o
- (8 -1)420° - (8, - 1) }20° - (S,- 1) §20" - &c.
If between the two formulas (20) and (28) we eliminate the
term which contains (S, - 1), we get

o1 . l+w
.;_'7(7rw)=3w-mlogsm.vrm»—log—— }“(23).

;5(ww)=w{9—2log 7w -log sin ww - 2log. (1 - @)}

l+o

- 8log iTa -(S-1)(1-D $20°-(S,-1)(1- ).} 20" - &c...

which may have some advantage when (S, - 1). }o° is small
enough to omit.
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13. To expand 4(90° ~ z) when z is small.
Y@ - 2) = [log cos zdz =Y} + 2 log cos  + [, tan z. zde.
Let tan « = z, and assume
202 g2 AP+ Af - &o.;
1+ 2 ! i
tan'z=Adz- A2+ A2 - A7 + &c...
+d42 - A2 + A2 - &c.. }
whence 4,=1, 4,=1+}, 4,=1+}+}, &ec...

-1
also fotanx.zdz= fo@‘lz—zf”:‘a,;z_ 4,42+ 447 -&.. .

= (12 -4 + 40 - &e ) M1 - 1+ - &)
+ 3§ - 2+ &e.. .} -} &e. &c.. ...
Let us henceforth use ¢ z for ftan*"z.dz,
tan"z tan"’z  tan""z

or ¢z=— —n+2+n+4—&c"”'
sothat ¢, 2=2z; ¢, z=logsecz; and ¢,,2 tax;z_mx
and we finally obtain

s(gvr z)= '7§7r+zlog cos

+ 9,2~ 39,7 + 36,7 — },2 + &c.. .. .(24),
When 2 is < 10°, ¢,z will not affect the sixth decimal.

To obtain a more converging series, let v = 1 — cos z.

-1
ftan z.xdz =f- z.d log cos z =f9°5(+:)ﬂ’ )

Now cos™ (1 - v) = ¥(20) {l + — (gv)+ —— (o) + &c} .

245
Swl—(_li)=1/(2v){B+Bv+Bv+&c .}

and we get B,=1, B,= B +}.}2"; B, = B+—-— 327%; &ec.

Let, then,

whence B, = 1 +,},.§2:’ + %'—2.%2" L 35 327+ &c..
1 1 T
= C0§8 .11 =1} = ——,
V2 { } 2v2
To increase therefore the convergence, put C, = m - B ;

so that C

ntl

-C=B,-B

w3
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- -1
. cos (1—9)=_7"_.‘/(2”)(1+o+o"+v'+. 2)

1-9 2v2
~V(20)(C,+C,o+ C,io* + C,o* +....)
_1. Vo & § %
—,w.1_0—1/2(0',v + Co +Co + &c.....),
cos (1 - ) 1+ vo
whencefo—m——- do = }7 log =V Vo

. - 2/2 {C }v +C,§v‘+&c.....}.
w . .
Put C, = 272 for uniformity ;
. C=0-1; C,=C,-}.32%; c;=c;_§§,§2-z;&c”“

.4 .
and C,, C, C,.. may be easily tabulated. Finally, observing

that v(20) = 2 sin jz, and modifying the fraction under log
tan {7 + 2)
tan } Q7 - 2)

- 4sinjz {C,+ C .}v+ C,.}¢" + C,.}0° + &c.. . }. .(25)
which converges well even when z is as large as 60°.

. 14. In c;nstructing a table of 9z we need to find Abz, or
(z+ k)~ 5z.

Taylor’s theorem may of course be used, but the law of
the terms is cumbrous. As a substitute for it, let us recal

equation (2), which gave
sin a 'j‘log zdz=‘7(w +a)-Yw-ba, where tan w= fsna
o

Y37 - 2) =97 + z log cos z + } 7 log

X 1-zcosa
whence .
w=m~l(ﬂ1_)=zsina+;z’sin2a+gz=sinsa+..
l-2zcosa ;
Alsosina.flogzdx=flogz.dm=wlogz— m.iz;
1] X [] 0 z

2Y@+a)-Ya=how+olgz
- 17z sin a - 277" sin 2a - 37" sin 3a - &ec.

To conform to the usual notation, write z, A for a, ®, and
then we must put y for z. We hereby find that
sin A
If y stands for G h’
s Abz=bh +hlogy

- 1% sin z - 2% sin 22 - 37%" sin 3z - &c.. .(26).
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If z is large compared with A, and bk is known, y will be
small enough to give a good convergence, and the law of the
series is simple and convenient. Nevertheless, methods of
interpolation, such as the following, will be often better.
First, let m,, m,, m,. . satisfy the equation
zilog(l+2)=14+mz+ma*+ma’+....
then AfFrdz=h{Fz+mAFz+mA'Fz + &e.....}
and by sliihtly modifying the process, it is easy to shew that
we have also .
AfFzdz =h {F(z + k) - mAFz
+mA’F (z — h) - mA°F (z - 2h) + &c.}.
where F is any function whatever. Here we assume
Fz=-logsinz:
observe that m, =}, m, =-, m =4;
then, nearly,
AYz=-h {}2 sin z + JAl sin z - A sin z + HAY sin 2}, .(27),
or Abz = - 4 {Isin (z + k) - JAlsin z
- A% sin (z - &) — A% sin (x - 2R)} .(28).
Take the sum :
", 24Y%z = - h [Isin (z + ) - & {A% sin z + AY. sin (¢ - &)}
+1lsin z + & {A% sin 2z - A¥ sin (z - 2R)}];
or, when the last term is negligible,
Abz = - Jh[lsin (z + k) + U sin 2 — 4 { A sin 2
+ A% sin . (z - A)}]. .(29)-
But perhaps certain series of Legendre’s are better still.
Let M,, M, M,. . ..be determined by the equation
zssin (o) =1+ M2+ Mz' + Ma"+. ...
1 17 367
then M= M=-35100 M- gsemse’
and we have
A[Frdz=h{F(z+ih}+ M0’ Fz- k) + M,A F(z-}3h) + &c...}
also =A{F(z+}h)+ M,A*F(z+}8h)+ M,A F(z+}5h) + &c...}
which here give
AYz = - h {Isin (z + }A)
+ A% sin (z - }A) - 35 AY sin (2 - §84) + &c.}
also = - A {lsin (z + }4)
+ A% sin (z + §3h) — i A sin (z + }54) + &c.}
which are easy to us, because we have tables of log sin.

. . (80),
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Again, let N, N,, N,. .. .be such that
1-Ng2*'+ Naz*- Na* + &e... = (1 + M2* + M2* + &c...)';
=AY Fzdz =K {F(z + )+ NA’Fz + NA'F(z - k) + &c.}
also = 4* {F(z + h + NA'F(z + 2k) + NA'F(z + 3h) + &c.},
1 81

1
where N, = — =
€ ! ’ N, 4.5.6.7.8.9

.ZV; =~ oan’?
12 240
Put Fz = - log sin z, F'z = — cot .
o A'hz = - k*{cot (z + A)
+ A’ cot z — gl At cot (z - &) + &c.}
also =-A"{cot(z+4)
+ fg A’ cot (z + 2k) — gl; A* cot (2 + 3h) + &c.}

. (31).

§. IV.—Applications of .
15. (1) To find © =- [,log (sin’ f - sin’ a) dB,
or --folog (cos® a - cos* 0) df.
Observe that sin® 0 - sin® a = sin (0 + a).sin (0 - a).
@=H0+a)+YH(0-a), or =H(a+0)-H(a-0)
(2) To find © = - f,log (cos 0 - cos a) d6.
Since cos 0 — cos a = 2(cos® }0 — cos® }a),

0=—010g2+2‘7(a+0) 2,)(«:;0).

(8) If © = f,log (1 + sec u cos ) d,
since log (1 + sec u cos 8) = log {cos u — cos (7 — 0)} - log cos u,

. O=—Olog(2cosp)+2'7<’ﬁ—';r———o-)—25(-’#).

(4) If®=log(1 +sin u cos §)dl, put tan n = t;n;:l_Tocos?) R
and we had by equation (6)

40 =5(0 - 7) + 5m - 50 + 0log sin } s ~ 7 log tan jp.
Thus [log (a +  cos 0) df can always be found by b.

(5) If © = [ log (tan O + tan a) d;
Eélgo-ka)

cos O cosa’

O -Y3r+ba-0log cos a—Y(0 +a)-5C¢m - 0).

since tan 0 + tan a =
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(6) To find S= 172 - 32"+ 5°2° - 772" + &c.. .. .In the
process which gave rise to equation (26), put a = };
z = tan ®; and observing that H(w + }m)-Hlwr=binx
-bd7 - ), we get

S=ologz+bw+b(}r - w)- jbr.
The series S received from Spence a special discussion.

(7) If © = flog (1 — 27 cos a tan 0 + n*tan® 0) d0, we reduce
this to No. (4), as in the process for finding X. See equa-
tion (5).

(8) If ©® = [ log (tan® O + tan® 3) df, make n = cot 3;

© = 20 log tan 3 + [ log (1 + n’ tan® 6) d6.
The last falls under Ex. (7), as a particular case, when

a = §r.

(9) If Q = [ log (1 - 2r cos a sin @ + #* sin’ ) dw, this also
may be reduced to b, by the following process.
Suppose r positive, z = tan o, or sin @ = 1%,: and

1+ 2'=sec’ jo;
Q= log {1 - 4rz cos a + (4 + 2) 2* - 472" cos a + 2*} do

+ 8‘7 (r; w) .
Assume the quantity under log to be
=(1 - 2nz cos y + n's*) (1 - 2n' z cos y + n7'2%);
(m+n')cosy=2rcosa,and 4r' + 2 =4 cos’ y + n* + %
Let tanv=n,tanp=17; . 4r' + 4 = 4 cos’ y + (n + n')’;
or cos y = r cos a sin 2v, and 2r cosec 2p = cos® y + cosec® 2.

Eliminate v, and solve for cosec 2v. The result is, that if we
take sin 28 = cos a sin 2p, and select that root of ¢ which
makes + sin { least, we have

sin 2v ___.cosp, and cos y =s_1_n_§_'.
cos § cos p

Hence, having found » and v,
let @' = f log (1 - 2n cosy tan jo + %* tan*}») }dw
Q" = [,log (1 - 2n" cos y tan }o + n™* tan’} ) ,},dm}
where we pass from Q' to Q" by changing v to (}x - v); then
Q becomes = 2Q’ + 20" + 8b (" -
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As in the process of Art.(2), make tan 3 = tan 2v cos -y,
cos s = sin 2v sin v, and 0 = @ + 3; observing that y and }
replace a and . When » becomes (gvr - v), 3 becomes — B
and u is unchanged. Let @ = o - 3;

Q' =4 [log (1 +sin u cos 0)d0-§wlog(2 cos’ v) — 2'7("—;"’) :
whence Q = [log (1 + sin u cos ) d0
+ [log (1 + sin u cos @) dff - 2 log sin 2v. .(82),
which reduces the case to No. (4).
(10) When F is rational, f log F. W’:Lf?) is reducible
to the sum or difference of integrals such as

ﬁog(a+bz)ml,l—f?—) andflog -2z cosa+z')V(Tdfx,—) .

The former falls under No. (8) or No. (4), if z=p cos 0.
The latter is the case of No.(9), if # =7 cos w. Thus

flog Fz. T(p"i—fz—’.) is wholly reducible to b.

(11) To find (z"'log;)ia;’ when m and n are integers,
positive or negatlve .
__ 2" logz
Represent the integral by ¥, _andlet U, = @it

Differentiate U, , and integrate back again ; and we obtain
2 dz
Uﬂ.l (a + bf)n- mVﬂ el (2" 1) bV m+l, n® (l))
=maV,, ,~-(2n-m- l)bV,“ .. (2)*
=(2n-1)aV_, —(2n-m-1)0V_ _,.(3).’
‘When m = 0, the first gives V, but fails to reduce V.
V,.: also the second then merges in the first. Yet i)y the
th.u?l V..., can be reduced to ¥, . When m=2n-1,
the secon: and thud comclde, and give V,_, ., but fail to
reduce V,_, _, to
"There f).emg no ot er cases of failure, and ¥ 24 Deing
reduclble by the first formula to V,, 4, Vi n and nally to
V.,.; it is evident that ¥V,  is umversalldy] reducible to one
of the three, V, o Vyo V.0 of which the first (being in-
cluded under T) can be f:)und by common methods. This
is the case of m Lemg positive and odd. If m is negative and
odd, ¥ , is reduced to ¥, ,; if m is even, it is reduced to
v

0,0
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R log z dz logydy .
1,

In V.o lete=y"s = |+ 52~ JTCay* + )
of the same form as V,,; wlnch alone remains. Whena =1
and b=-1, putz=sin», . V,,=- bo. Whena=—l

; which is

and b =1, lety=z+x/(z—l),1/(x,— log z = log

-1 _’
(1 +y) - log (29); >y
d d
V.,,o=fl°g (1+9) ;y—fbg (29) f
) =3L (1 +y*) - }log® (2y) + const.
‘When a=landbd=1,lety =z +(z*+ 1):
V,,=logy.log (¥ - l) - 3L (y") - }log*(2y) + const.
To recapitulate then: is always reducible to § or L;

-1
and in particular, f ﬁg zdz

@ by can be found by circular

arcs and logarithms;

*log zdz . . . [£™log zdx .
=2y 1s reducible to '7, W to L;

" log zdz z log z dz
s [olgzds g,

l)n +4 xﬁ)n +§
where m and n are integers, m posmve and n either positive
or negative.

§. V.—On the Higher Transcendents derivable from Y.

16. Spence has imagined the integrals L’, L, L°. .deduced
from L’ or L, by the law L*(1 +2) = fL"“(l + )zt dz;
and has exhibited various fundamental properties of L". Put

z=6" . °+1=("+€")¢",

or log (z +1) = log (e“’ +&e“)+ o, and z'dz = 2dw;

L1+ 2)= [log (¢° + ¢*) 2do + .
When o changes to (- 1), the integral here becomes

2 (- 1). flog (2 cos ) dw, which exhibits the relation which
exists between L and % by imaginaries.

17. Since dw « z7'dz, we may 1ma€.ne a series of functions

, by b, .analogous to L’, L', L* y the law '7z=fo‘7zd:c,
and generally &'z = [/ '7""zd:c, and we now regard 9 as vir-
tually .  Write also

Mz =-[flogzdz, Nz= [\ _ zdz;
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then Mz = z(1 - log z),

" 1
A,z = 1+3+3+.... -—lo .. (83).
n+]' 12."” { +§+3+ + gz (3)

Also,as bz = )»,z:+H +H +H +&c....

s 3 3.7
if H stands for = ™S, ; (see equation 19.)
Lo 2H 2z 2Hz"® -~ 2Ha™
ST 33 n 7 ) 15.(nt8)  6TnrE) &

18. Since 2%*(Jz)=2I2+1*sin z + 27 sin 22+3%sin 3z + &c....
perpetual integration, with suitable addition of constants,
gives

™2
-1 Ly?n -
Lo Ge) - i2..(zn- 1)
"8, "8,

- ] ) z
*12..32n-8) 12..(2n-5)" &eooeot T8, ). (35)
— 1™sin(z - 2n. 3w — 2% sin (22 - 2n ™)
- 8™ sin (32 - 2n }7) - &e. |

~

2
75 G - 1.:. 2n '

2’8, S, -
12, (2n—2) 1.2. (2n-4) +&o ¥y -+ (36).
-~ 17'sin {z - (2n + 1). 37}
-2™'sin {22 -(2n + 1) 47} - &e....)
And if in these we put z = 2, we get

712 7°[2 o
= —
‘;"n' '7‘vr -

=13’ m+2".. S, :
‘7'“7.1'== 1.721?.44-24'1_732'&:

'7°1r=1—§%+ 2-’.%&- 2“.7—;6',:

Y= 11;726 + 2".-1—.21.;—2 S, - 2™ %.S,:

The law is evident. After the two first terms, the signs are
alternate. Thus 9 is known.

NEW SERIES, VOL. 1I.—-March 1847. H
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19. If in equations (35), (36) we make z = 7; and with
reference to the latter,observe that
1™_2"43"—4™ 4+ &c...=(1- 2=1) S_‘;
we obtain

2
-1 bnda =
P am = 15 @n-1)
38, L e\ T
*1a. .(2n’— 3) 1.2. .(2n‘— 5T Spare + -+ (37):
2 b (3ar) = i 78, &c.....

1.2..2n  12..2n-2)
.T.‘\2 - 2-~)S -000(38):
by which b (3) is known. =
20. If we perpetually integrate 'z + & (7 - z) = 9* =,
we get

_ e LA s i
bz+ (-1 (r-2)= 3. .(n-2) 12..n-38) "

+(- 1. b, L L (39),

which reduces 5z to Y (7 - z).

21. Perpetually integrate
15 (22) =Yz -5 G - 2) + ' (G) - 2l2;
by (22)= e+ - 1 G - 2)
RN L L, S LR
T1.2..(m-1) *1e. (m-2)  1.2..(n-3)"" t+ by, .(40),
which may be used exactly as equation (14) in Art. 9.
Make z = 47, and multiply by 2**; l
e {1 G g - T
Ll LA et B )
*12..n-2) 12..0 - 3)*""12“'7'1}"--.-(41)-
22. To complete the view of 4"z, we ought to embrace the

cases of 2< 0 and z > =.
It is obvious that

b (-2)=-b¥z; but Y (-2)=b"z. ... (42).
Also, by perpetual integration of & (nx + z) = Y (nx) + Yz,
b= (nmr + 2) = 4 () + :{ b= (nwr) + {% b= (nwr) + ...

+ 12"""—#5) L CTOTL (43).




On Logarithmic Integrals of the Second Order. 99

But we farther want to express 9™ (nw) by means of Y™,
Lty .Y, for which we begin with & and proceed to
L, b% in succession.

For Y (nw), let z=m, and n=1,2,8,4....
L=+ m=br+ %'7’1” Y = 2'7’7r+71-r'7’vr,
b m) =Y eram)= 5 (em) + T ¥ (om) + Pm
=sbr + 3 ? Yar,
Y(am) =5 (3m) + -175' Y (sm) + 9 = am + 6 ;—r b,

Generally, Y (am) = nb'r + 0. ?_g_l ) %’ bar.

For 4 (nm) proceed by the same steps:
bt (2m) = 2btr + :’l—r Yar + 13—; b

Yt (3m) = 8'r + 3 "{ Y+ 5 1—"; bear.

Generally, Y (nm)=nb'r+3n. ;-t Y + 2n. 11; LY.

It is easy to see that we may assume

.
b (nm) = by + Y . '-;-.'7"‘11- +Yn. 112 bl T
to (m — 1) terms,
and that the functions ¢ do not contain (m). To determine
their law, put z = in equation (43), so as to obtain
L {(n+1).w}. Also write (n+ 1) for n in the assumed
series, and compare the results. This gives
Afn=n, Adp=n+ 2,
AYypn=n+8Pn+ 3Pn, AYn=n+ 4hn+ 6dn + 4n,

AYyn=n+ 5Yn+ 10¢n + 10Yn + 5Yn,
where the law is obvious.

Write N, forn. " =1 . %=2 %=7%1 .14 integrate
the above; 2 3 ro
T Yn=3n=N, yYn=N,+2N,
Yn=N,+8N,+3{N,+ 2N}
=N, + 6N, + 6N,,

H2
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V=N, + 4N, + 6 {N,+ 2N} + 4 {N, + 6N+ 6N}
=N, + 14N, + 86N, + 24N,
Generally, it is easy to satisfy ourselves that
Yn=A0.N,+ A% .N,+ A% .N,+....torterms;
S AYn=A0". N + A% .N,+ A0 . N, +....tor terms,
=n" Hence {n= 3.
Finally then we obtain

b= (nmr) = nyrr + 2n.¥‘7"'“1r+2n’.1—m; i o S
ve.. to(m-1)terms . ... (44),

where =0 +1"+2+....(n-1).
[ To be continued.]

;

ON THE LAWS OF EQUILIBRIUM AND MOTION OF SOLID AND
FLUID BODIES.
By Samuer HavenTon.
(Continued from Vol. 1. p. 173.)
Tae differential equations of motion of solid bodies are
deduced from (11), by writing X - ‘i’-&, Y-~ d——z", Z—ﬂ,
ac ae de
for X, Y, Z, and consequently are the following :

4’ dn 't
e p=cX+P, et/ =eV+Q e3=eZ+R..(12).

Let us suppose that no external forces of any kind act
upon the body, and endeavour to satisfy the equations of
_ motion by the particular integral for plane waves,
E=cosa.f(w), m=cosB.f(w), &=cosry.flw),
o =lz + my + nz - ot.
Substituting these values of £, 7, { in the differential
equations - - ot
e —=P, € 7 Q,, edt“ R,
we shall obtain the following equations of condition among
the constants,
ev’.cos a=p cosa+h cosB+g cosy,
ev’.cos B =¢ cos B +f costy + A cosa, } . (18),
ev’.costy =1 costy+ g cosa+f cospB,
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ON LOGARITHMIC INTEGRALS OF THE SECOND ORDER.
Part II.
By Francis W. NEWMAN,

(Continued from p. 100).

log x (z — cos a) dx
22-2xcosa+1

A&, a) = 4, log (&* - 2z con s 1) 2

which are related by the equation A (z, ¢) + A (z, a) = § log z log X,
if X stands for (2* - 2z cos a + 1),
§ L.—Stmplest cases of A. .
1. Tt was shewn in Part I. that all the integrals included
in [Fz log Fgz dx are reducible to common forms in con-
junction with three peculiar integrals, Lz, bz, and A (z, a),
of which the last alone remains to be treated. We suppose
a to be between 0 and =, unless the contrary is stated. We
also generally suppose z to be positive. hen it comes out
negative in any formula, we can restore it by help of the
identical equation
A(-z,a)=- A(z, 7 - a),

which subsists by virtue of the convention (already proposed)
that Jog z is always to mean 4 log (2°).

On the Integrals A (z, a)=;,f
[

. sin @ Z sin a
Assuming 2 = ——— , or tan @ = -~ y
sin (© + a) l1-zcosa
sin a
we get vX =

sin (@ + d);

whence A (z, a) = [log sﬂls—i(s’——;a) .dlog sin(w + a);

which we shall hereafter denote by x (», a); so that A(z, a)
and x (o, a) are identical forms. This substitution is chiefly
of use in enabling us to understand the nature of other trans-
formations at which we shall arrive. For the present, when
o is named, it is supposed to bear this relation to z.

2. To find the complete function A (1, a), which =-A(1, a).
de dh_ fsina
z’ da fo X
sin a
1-cosa

dz = o.

Since A (z, a) = %flog X
[

Make z=1, .. tan @ = =cot4a, or w=4(7 - a).
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?—%(w a); A, a)—c+§r1m—;a2

To find ¢, make a = 0; A(z, 0)= [, log(1 - z) —=L(1-2z),

Integra.te

whence A (1, 0) = L0, or ¢ = - §7°,
S AL, @)==- (1, a) =7 - j7a + }a’
Hence also A(1, 7 - a) = }a* - &7 ot
8. To find A at special values of a.

At the extreme values, (a = 0 and a=7), X is an algebraic

square, (z + 1)°. Hence
Az, 0)= Lz - L0 } @
Az, m)=L(-2)-Lo=lzl(1+2)- LA +2)) "’

In the following process, we for a moment suppose a to
increase from 0 to any magnitude; and, to shew both varia-
bles, write f (2, a) instead of X. Then, by a well-known
formula of Trigonometry,

f(:c",na)=f(z,a).f(z,a+ 27?) .f(z,cu— %)...f(z,a+ 2':2 w) .

Differentiate logarithmically : multiply by (2#r).log (2
= 27 log 2, and integrate : then ’

—A(x na) = A(z,a)+A<z, a+2_"'>

..(1).

+A(z,a+ 4—>+....+A(:z;,a+2"—2';r>....(3).
n n /
In particular, if # = 2, cos (a + #) = cos (7 — a),

$A (@ 20)=A(2,0)+A(Z, ™"~ a
=A(z,a) + A(- 2, a) }"“(4)’

which has a certain analogy to Lz + L (- z) = 3L (2*)+ 3L0

When a = 7;' , we have
1 A(z*, w) or L(- ") - L0
=A( >+A(z, 8”)+A(x,.i1-r-)+...+A(z, 2n_11r>}‘
n n n n
Introvert the terms; and to make every a fall between 0
T # = cos .= . Then we find that

2
and =, observe that cos -
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if SaA(z, !>+A(z, 3—')+ A(z, "?-)+ ......
n n n

. n 1
when n is even, S'to 2 terms = n A(z", =), ’...(5).

and when % is odd,

Sto'-'2—l terms = -—A(:t“ ) -1A(z, %)

In particular,
Ifn=2, A(z,}7)=3A(2, 7): } ).
Ifn=38, A(z,in)=}A(P,m)-}A(z, ™))

If in equation (3) we make ma = 2x, and » is odd, we
similarly have

A( 2")+A< 4:)+ +A(z,—%—lr)
- .2‘; Az, 0) - 3A (2, 0). . ....(T):
If n = 8 in the last,
Az, 3m) =A@ 0)-§A(2,0)........ (8).

Thus we know A (z, a) in finite ﬁmcuona of z, by means
of L, when a has any of the values 0, 7, }=, ix, 3x. It will
afterwards appear, that the assertion may be extended to the
case of a = any of these, divided by 2", when » is an arbitrary
integer.

4. To find A, when z (at the upper limit) is a given
function of a.
Generally, if 4 = Fx, ¥V =y (2, a),and U = fudV,
au _ d’V av’ ,_ 4V,
%[ mm i -

Integrate by parts, and the last is (¥ - [#"du); and the
¢otal differential

d(U)=”_l_gd¢ ‘Z_Ud =.u.%;dz ( ”.IZ,[V'd)da

=ud (V) ~ (fV'du) da.

In the present case, let ¥ = }log 2, V= log X, and observe
that 7" = 22X sin a, which vanishes with z ; and [V'du=e,

which also vanishes with z, as %—f or (here) ought to de

e
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No constant then is needed in integrating ; and we get
d(A) =}log 2.d (log X) - wda. ....... )]

for the total differential, when z is a function of a.

The extreme case of z = (cos a)’ = 1, reproduces equation
(1), as it ought.

Assume z=2cosa, X=1, tan w = - tan 2a, @ =7 — 2a;
> dA = - (7w - 2a) da. Observe that A vanishes when z = 0,
and consequently (here) when a = }, and we get

AorA(2cosa,a)=GFr—-a)...... (10).

This is the most remarkable equation we have yet met.
It may also be denoted (if @ = cos a) by

log z(z - a) .
.dz = (sin™ a).
fhz’ 2az + 1 ( )

Once more, assume z=cosa=a, .. X=1-4’, tan w=cot a,
w = 47 — a; whence

dA =4logadlog(l - a’)- (37 - a) da,
A=}1L (a")+$@Em - af + const ;
or A(cos a, a)=}L(cos’a) + (37" — wa + o’). .. .(11):
=} L (cos’ @) + A(1, a) + }a’.

The constant is determined as before, by observing that A
must vanish when a = = ; also L0 = - }«".

There is an infinity of other assumptions (z = Fa) which
make (9) integrable in finite terms. Again, ® may be ex-
panded in a series of cosines or sines of multiples of a, after
which we may try to integrate. But the cases in which these
processes succeed appear to be more easily treated by some
of the methods which follow.

§ IL—On changing A (z, a) to A (Y, a).

5. As long as z is small (say z < + 4), we may develop
log X by the well-known series, and obtain

zcosa 2 cos2a 2 cos Sa
Tttt T + &c.....(12),

from which A (z, a) and A(z, «) are found. But when z is
not small enough, we may try to reduce A(z, a) to A(y, a),
in which y is small.

For the present, let ¥ stand for y* — 2y cos a + 1.

-Azya)=
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6. Then, first, put zy =1, . Y= Xz, logy = - log 2,
dlogY =dlogX - 2d log z;

Az + Ay = §flz(dIX - dIY ) = [lzdlz
=} logz + const ;
or Az + Az =2A1 +4loglz........ (13),
yhich serves to reduce Az, when z is > 1, to Ay, where y
18 <1.
Cor. 1. When z = o, Az converges to 2A1 + §log’ 2.
Cor. 2. As Lz + Lz = % log’ z,
~(Az - Lz) + (Az" - Lz') = 2A1.
Secondly, suppose z + y =2cosa, X=1-zy=Yg
SAz+ Ay =3[z + ly) dl (1 - zy)
= $i(ay).di(1 - zy) = } L(ay) + C:
whence Az + Ay - A(2 cos a) = 4 L (zy) - iLO,} e (14)
when z + y = 2 cos a.

As we know A (2 cos a) from equation (10), this enables
us to find Az by means of Ay, whenever z is near to 2 cos a.
It also gives

2A cos @ — A(2 cos a) = 4 L cos’ a - } L0,

which is verified by (10) and (11).

Make z = 1, and we find

A(2cosa—-1)=3L(2cos a~-1)+}a’-337a + }5a°... (14%).
‘We may combine the two last integrations, by supposing

z' + y = 2 cos a, which gives

M-A!/+§a'=§log”z—§L£ ...... (15).

Again, in this write ™ for y, and eliminate AAy“ by means of
(18), and L(z'y™) by means of the known properties of L ;

then (14 ¢ 1_ 2 cosa;
{Az + Ay - w (37 - a) = § L (zy) +} log’ (g)} - (16).

But in this, the arbitrary constant is liable to change by
reason of discontinuity, if z or y passes through zero.

7. The four suppositions here made have something in
common. In (18), (14), and (16), we find

dz _dy
X Y’
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sin @

Let us in all =
us in all suppose 2 = — @ie)

. sin 0
thenlfy=-s—m, zY = 1, when0=w+a
...... sbut z + y = 2 cos a, when 0 = o + 2a.

8. By equation (18) we can obtain A (sec a) and A (3 seca)
from A (cos a) and A(2 cos a). Observing that

L cos*a + L sec’ a = 2 log®cos a,

we have A sec a =} L sec’a + }x (4w — «)
A (}sec a) = ‘]og’ Gsec a) + ‘1!1'_' _ i“z} ces .(17).

9. Farther, since we fulfil the relation 2™ + y = 2 cos a,
by supposing
__sine =Bin(m-a)
" sin(w + a)’ y sno ’
it is evident that if{Az is known, we can by the repeated use
sin {w-(n +1)
of (15) find A sin (@ — na)
sin(w + na)
sinf{w+(n+1)a}’
For example: first, let m_ stand for o8 na ; then
m>r+m, =2 cos{zi; cos(n - 1) a
o 2Am-rl - 2Am. = G’ + L(m-l mnfl) - logz ml'
For n write 1, 2, 8....(rn - 1), and add the results, taking
Am, from (11); .
COS na
cos(n—1)a
+$Lcos'a+ L(m ' m)+ L(m m,) +...+ L(m> _, m)
~ log’m, - log, m, - &ec....... - log*m_,

a} . Or conversely, if Ay is

known, we can deduce A

=}z’ - 7a + na’

- where for cos’ a we may write (m,” m,).
sin na
sin(n + 1)a

Am, is known by (17); so that

sm'+m  =2cosa; and

Similarly, if m_ =

R @ -nd-LT L™
sln(ﬂ-l' ]) a m' mu

+log*m, +log'm, +.... +log'm_.
NEW SERIES, VOL. IL—May 1847. N
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10. A more general relation between Az and Ay is obtain-
able by Mr. Fox Talbot’s Method of Symmetrical Integrals.

Let X=(m-2z)v, Y=(m~y)v; where m is constant,
and z, y functions of ». Then z and y are the two roots of

22-(2cosa-v)z+(1-mv)=0;
consequently z + y =2 cosa~v, zy=1-mv;
and, eliminating v,
(m—z)(m—y)¥1—2mcosa+m’=lll.
Now Az + Ay = [lz {dlv + dl(m - 2)} + §fly {dlv+ dl(m - y)}
=4[l (zy) dlo + §flx dl (m - z) + §[ly dl (m - y).
The first integral
=fl(1 —=mv)dlv = L(1 - mv) = L(zy);
the second
=lml(m—z)+L7—:;; thethird=lml(m—y)+L,%.

Observe that Imi(m - z) + Iml (m — y) = ImIM = const. ;
. - = z Yy
5. 2AZz + 2Ay — const. L(xy)+Lm+Lm.

Let z = ¢, when y = 0; then e =2 cos a — m™; so that Ae
and Am will be known from one another by (15). Also

(l_f_)(1-_3!_)=1—£=1—2ecOSa+e’=E.
: m m m
Finally
— A= Zyr¥%_L% _sro0..
2 (Az + Ay - Ae) L(xy)+Lm+Lm Lm 2L0...(18).

By slightly varying the integration, we get
2(\z + Ay - Ne)

=L(l-xy)+L(? - %>+L(l - %)-—L(l —.1%)...(18*),

- which may be.convenient when m, or one of the variables,
is negative.

By giving special values to m, such as make Am and Ae
known functions, the equations become available to us in
many ways. But in order to understand our result, it will
lXa well to transform it by means of w and the function x of

rt. 1.
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11. First observe that as m is arbitrary, it may be so
settled (= being given), as to assign any required value to y.
This amounts to making z and y independent variables, and
m a function of them. And in fact,

S Ll
2cosa-(z+y)’
by which m may be eliminated, and e expressed in terms of
z and y.
But, leaving m constant, put
__sSne _ _sinf . sing

sin (@ + a)’ y—sin(0+a)’ sin (9 + a)’

Now do + df = sin adz . sinady sina ( dz . dy
X Y v m-z m-y
-sina —sina

- dlog {(m - z).(m - y)} = — dlog M=0;

s, ® + 0 = const.

When w =0, 2=0; . y=¢, and @ = ; or const. = 9 and
o+ 0=n1
_sin (7 + 2a)
C sin(p+a) ]
Y (o) denote the function of @ to which z is equal ;

Ao2{xw +x0-x(o+0)} = LYoyl - 2L0
} (19):

Again, m™ = 2Ccosa - ¢ To save room, let

Yo Yo Y(w+0)
+L 1p(w+0+a)+L Y(o+ 0+a)_L Y(w+0+a)

in which m and e or  have been eliminated, and @, 6 remain
as independent variables.

Thus, if yo and x0 are known for any particular values of
o and 0, x(» + 0) may be hence deduced. It is at once

evident, that x (o - 0), x(nw) and in fact x(—:’f w) may also

be found, in finite terms, and by equations of the first degree.
Yet this is rather a theoretical truth, than one of utility for
calculation.

Since we already know Az for the values 2=1, z = 2 cos a,
z'=2cosa, £ =cosa, 2" = cos a; which correspond to
wo=}r-a), w=7-2a, w=0a, ¥=lr-q, w=1I7; we
may start from any of these; and by addition or subtraction
obtain a variety of results, and many more by combining
division. If, however, we seek for x(na) in this way, the
result is far more complicated than in Art. 9. The cases

N2
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which mal{ chiefly deserve to be pointed out as attainable,
are the following : ’

o=7-a w=ir+a o = }(r - 3a).
m=§a (o=}1ri§a w=}1r—a.
o=tir o=}mr+a)

The process of bisection, transferred to (18), consists in
supposing Ae known, and making z =y =m (1 ¥ VE); then
2Az is found from Ae.

As equation (18) is virtually an integral of the equation

xty™”
and contains an additional arbitrary constant m; no more
general result is attainable in this direction. If we had
assumed X =o(m-2) (n-y), Y=0(m-y) (n-y), the
integral of d(Az + Ay), hence arising, would {e a mere com-
bination of (18) with (15), and would tell us nothing new.

§ IIL.—On changing A(z, ) to A (y, B).

12. The properties hitherto attained have more show of
utility than they make good, in regard to the general reduc-
tion of A (z, a) to another calculable function. In that respect
more advantage is derived from changing a in A simultane-
ously with z.

ith a view to this, put now ¥ for y* - 2y cos 3 + 1.

For a first integration, assume z cos a + y cos 3 =1, and

a+ B = }‘u’ H
s X=sin*a(@+y’), Y=sin’B(2*+y);

dIX = dIY = dl(l " ;-:) + dlg’

Also dz . dy 81nadz+sdey=0'

sina sin 3 X Y
Now A (2, a) - Ay, B) = 4z - ly) di(Z* + )

2 z
- zf.dz(;,+1)+fz-dz.
ify 7 Yy

The former integral = } L (- z%™). In the latter, observe that
(zy™)=tan a {(y cos 3)" -~ 1}. Put y cos 3= 10", dly = - dlv,
s fl(zy™) dly = - [{Itan a + I(v - 1)} dlv

=1 tan a.l(y cos 3) - L(1 - v) + const.
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To correct, make =0, y = sec (3; then, since v - 1= zcosa s
. ycos 3
A(z’ “)-A(.'/, B)"'A(Bec B: B) }
z’) ( z cos a) .. (20).
=lL|-=)-L{- +ltan aly cos 3 +3.LO
(-5)- 2 (- o) +rm ety oot

To avoid the negatives under L, we may use the equation
L(-2)=LIQ+2)- L1 +2)+ Lo;
reducing by which, we get for the right-hand member
3 (zy™) X -} L(Xy* cos™3) + L(y cos B3). ...(20%.

This may be named the Complementary Equation.t If in
it we make 3 = ix, A (y, B) is a known function of y. Hence
we can by it determine A (z, §w) as a known function of z.

. sin @ sin
Ifmthelast, z=m, yﬂm, then from
sin adz; sin ad;

= Yy=0,wegetdw+d0=0,orw+0=const.

Lety=0, 2cosa=1; sin @ cos a = sin (@ + a), or » =},
and 0=0;

wo+0=}zr; a+B=}r; sin(w+a)=sn(0+p).

13. For a second integration, assume
z=2ycosf3-1, a=23;
o X=4Ycos’B, dIX=dlY, dz=2dycosf3;
sina dz _ 2 sina dy cos 3 _ sin Bdy

X  4Ycos'B Y °’

which gives do =df. When 0 =0, 2=0, y* = 2 cos 3,
tan@=2ysinB, or0=0; ~w=0-F;0rw+a=0+f.
So much for the algebraic relations of the variables.
Now A(z, a) ~ 2A(y, B3) = §flog (zy™) dlY.

Lety'=2, Z=2"-2zcos 3+ 1; whence Y= Zy,

ay*=1-Z=(2y cos B- 1)y

+ In many formulas, it would ap] that if our tables of Lz gave log =
rather than z for the argument, this would be more cpnveniem in the
application. This suggests that the same table might give z, hyp log =
and Lz,
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o YUy AY = Y11 - Z) AZ + flog % °°;,E

={L(1-2)+ L1 -2ycosB)-log'y.
Hence

A(z,a)-2A(y, B)=§L(zy™) + L(-z)-log’y + C. .. .(21)".
To find C, let z = 0, y = §sec B; and after a few reductions,
C=}d' + &7". The same result is found by making z = - 1,
y = 0; but the infinites under L and log are a little more
troublesome.

This may be called the Equation of Bisection, since a = 23,
and since A (z, a)- 2A (y, B) is expressed in known functions.

It follows that if A(z, a) is a known function of z for some
one value of a, s0 is A(z, j«). For we have only to make
z' = 2z cos Ja — 1, and determine A (2, }a) from A (2, a) by
equation (21).

Hence A (x, g;) and A (z,

terms as known functions of z, since we know A(z, =) and
A, i)

14. By a repeated use of the equation of bisection, it is
evident that A (z, a) is reducible to A(z,, 2™a), which, when
n =, is A(z,, 0) a known function. It may be worth while
to enter into a few details concerning this.

Let a_represent 2"a, and from z suppose z,, Z,. ... to be
derived %y the law

2z, co8a =1+2z; 2z, cos a,= 1+ z,; &c. &c.....
It is easy to compute these by the intervention of . For
we had
w+a=0+Bor=w +a=0+aq,=0+a =&c.,
whence o, =w +a-a_
Thus z, = sin (‘." *a-2")
" sin (o + a)
to 1, and nearly =1 - 2™a cot (w + a). (We must entirely
except the case of @ + a=0 or =w, which gives z =oo.)
Hence 2" A (2, a) = 2" A(z, 0) = 2" {Lz, +}7*} = 2"(2, - 1)
+ 2" " =-acot(w+a)+ 2% 3n". Apply equat:ion 2) n
times : multiply the results by 2°, 2%, 2%, ...2*", and add all
together. Substitute for 2".A (z, ) as above, and be careful
to note that 2% + 2° + ..., + 2® =1},

r ) can be obtained in finite

3.2"

, which, when n = o0, converges

* It is casy to combine equations (20), (21) with (13).



On Logarithmic Integrals of the Second Order. 183

and (2°+ 2 + 2%+ . ...+ 2" 4t 4 2 4t
=+ (24 24 ...+ 220"
after which, making n = o, we get
A(z, a) = }a’ — a cot (o + a) + 47*
+2°{in*+ L(~2z)-log’z, + } L (z z ™)}
+2' {ix*+ L (- z)-log’z, + §}L (2, 2,7} ).--(22)
+ 22 {{r*+ L (- z) - log’z, + } L (2, 2,%)}

This always converges, yet not rapidly. When z, is approach-
ing its limit 1, we may approximately determine the remnant
of the series, by the formulas

L -R)y=-h-Yi-}B; in* + L(~1+k)=}4"+ }A°; when
A is very small.

log(1-A)=R+ 4. Aok =a {(1-}a’)cot(w+a)+}a};
and A, = &, - 3a?) (1 + §a.), very nearly.

But the great defect of the method is, that even if we start
with z nearly = 1, we still do not any the more rapidly reach
the limit 2 = 1: hence the series has no practical interest,
unless indeed at once both z is very near to 1, and cos a
between 2z and 1, a case which is the most troublesome of all
in the method of Art. 16.

15. The equation of bisection would farther enable us to
increase the number of functions 2 = Fa, which give A (z, a)
as a known function of a. For let 2 = Fa be any one func-
tion, for which A (z, a) is known; put 22, cos ja =1 + z, or
put 2 = 2z cos a - 1; and z, 2 are new functions of a, for

" which A (z,, }a) and A (', 2¢) are known.

If we could integrate so as to obtain A (z, a) + mA (y, B)
in known functions, when dw o df, by means of some general
relations uniting a, 8, m ; it would more than anything else
perfect what is wanting in this theory.

§ IV.—To calculate A (z, a) in any case.

16. We have now the means of reducing A (z, a) in all
cases to another function A(z, ') in which 2’ shall be less
than }; which will enable us to apply equation (12).

Avoiding details, it will suffice here to shew the possibility
of the transformation.
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First, when a > 60°; if z is > 1, we may reduce A to the
case of z < 1 by equation (13). If then the new z is between
Jand 1, put 2 =-2z, ' =7 —a =28, 2’=2ycos B-1;
A(z,a)=A(2',a'). Apply the equation of bisection to reduce
A(z,a)to A(y, B). Now asa'is < 120° Bis<60°% 2cos B
>1, 2ycos B>y; . 1+z2orl-z>y,ory<i

Next, when « is < 30°% put a + 8 =}, and use the Com-
plementary Equation. Since B is > 60°, this case is reduced
to the former.

Thirdly, when a is between 60° and 30°. Here z is by
hypothesis between 1 and }, and 2 cos a between v3 and 1;
so that 2z cos a is between v8 and §.—We separate the case
of 2> cos a ; in which we can proceed exactly as when « was
> 60°. For since 2y sin a = 1 — z, which 18 < 1 - cos a or
than 2 sin®}a, .. y i8 < sin ja < j.—When 2z is not > cos a,
2z cos a does not exceed 2 cos® a or §; so that its limits are §
and}. Puty=2zcosa-1, and y is between + § and - §.
If then 2a = B, we can reduce by equation (21), only ex-
changing z with y, and a with 8.

The sumplicity of the coefficients in equation (12), which
are known by common tables, would lead us to prefer that
series when other thin%s are equal. Yet if 2 is near to §, its
convergence is not such as to give accuracy to many decimal
places without great labour ; and some of the following
methods may become preferable.

§ V.—T0 take advantage of a lying within certain limt
17. If a is extremely small, and z is <}; or if, z being
) is still very small.

near to 1, the product 2 sin Ja.

. z z
Put b =2sin }a, z= re=—; l-z=
5a, 1= s O 1+z’

X=(-2l+bz=>1-20{1+82.(1+2)}
dz
dlog z = d{log z - log (1 + 2)} =
s A(z,a) =4[, log X dlog z = [,log(1 -2)dlog
2 dz
+4f,log {1+8%2.(1 +2)} 0+
=L -2)+%P....... Ceeraaaare eees (23),
ifP=[{0'-34bz2.(1 +2)+48° 2 (1 + 2} - &ec....} dz
=02-40 (32 + 32°) + 100 (J2° + 2 )2 + 12°) - &c....(28%),
which converges rapidly, since bz is very small.
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18. If, on.the contrary, a is very near to = (which is
always the more favourable case, # being supposed positive),
let z = tan’ 4w ; then A (2, ) = L(1 + 2) - 29,

o - Coned . 3 do
if @=-1f log (1 - cos’ }a sin’ ) —

If we develop the logarithm, we readily see that Q may
take the form

A,~24 cos o + 24,

cos 3w — 24, cos 5w + &

To find 4, let o=}m, Q=A, z=1, . A(1,a)= L2-24,;
3
whence 24, = 112 +A(l,a)= (’r ; a)’.—Let m-a=4f3,
sody=203%

d; . . .
Next (79 =24, sin @ - 24, sin 3w + 24, sin 50 - &c.,
@

ae _a .2 1
also 7o = 1log (1 - sin’28. sin m)——sinw.

26 ; and the value of sin . ae
1+8 do
is log(1 + 8% - }log (1 + 28 cos 2w + &%),

or log(1 + &%) - &° cos 2w + }4* cos 4w - }4° cos 6w + &c.,
which is to be made equal to

2 sin o {4, sin o — 4, sin 3w + 4, sin @ - &c.},
or A4,(1- cos 20) -4 (cos 20~-cos 4w)+4, (cos 4w~ cos 6w) — &c.
Hence we get . 4, =log (1 +8%,

Put b =tan 3, sin 203 =

n

A+ 4, = I3 and generally 4,  + 4, = o

In the First Part of these investigations we have used ¢ z to
denote [ tan"'z dz; which yields ¢,z = z, ¢,z = jlog(1+tan’z)
tan" z
orlog secz; and ¢ z + ¢,z = "

Thus 4, = 2¢,8; 4,=2¢8; 4,=2906; &c....
and A(z, a)=L(1+2)-43+8¢,0. co: 2 _8¢,8. c———os:"’

+84,3. cos55m —8¢,8. cos77m . s(24),

+&c.... &c....
which converges best when (3 is least, or « nearest to .
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19. To find A and A, when a is near to .
Put 2z =tan (}r - Jo);

SAZya)=JL(1+2)-Q,ifQ= ,flog(l—cos::cosw)m.

sin 2w _2C s1n38m _&c.

To determine €, put w=0,2=1,Q=C,A(1,a)=4L2-C,
or C=1L2 + A(1, @)= 437" - }wa + }a’
To determine C,,

Assume Q=C-Cyw-2C,sin w - 2C,

wehave—%=0' +2C, cos w +2C,cos 20 + &c. ...

Multi ly by dw, and integrate from ® = 0 to @ =, observing
that [ "cos nwdw = 0, for all integer values of # ;
also 0 do = 1r0

ThenvrC f f———dx =Q (fromz=-1 to
o1 = (112-N(1, a)}—{m—x(- La} = A(L @)

-A(Q, m-a) = 37’ - ima+ }a®) - - 47°) = 7’ - }wa.
Whence C, = (3w —a). Callthisy. .. C=lmy+ "
2¢

+c’;

Farther, put ¢ = tan v, cos a = sin 2y = ]
cosmda—'lo 1_2¢:cosm

"do 1% 1+¢
=—}log (1 +¢®) - ccos - }c’ cos 20 - ¢’ cos 3w - &c....

But - cos » Z—ﬁ-—cos o {C,+2C, cos w + 2C, cos 20 + &c....}

= C +(CC) cos w + (C+C,) cos 2w + (C,+ C,) cos 3w + &c....
“C=ilog(l+)=gy; C=c-C=tany-y=¢y;

C,=4-C=¢y; C,=3-C,=¢,; &c....
Whence A(z, a)=3iL(1 +2%) - Qry + ¥°) + yo
# 2y T2 g 0gy BRIO gy I g } oo

where v = gn ja, z = tan (jr - }o).
The convergence is rapid when a is very near to }.
In equation (24), Pt ®=0,Q=0;

=~ 3B = 9,8 - 1.8 + 198 - &c.

In the value of ng corresponding, make o = }m;

- —3log cos 23 = ¢,8 + 9,3 + ¢ + &c. . ..
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In equation (25), if we change y into -1, 3%7 remains
unchanged, and ¢, ,y changes sign. By adding the two
results thus obtained, we mlght easily reproduce equation (24).

Put » = 7 in the value of ‘2—% corresponding to (25) ;

s.3log (1 +sin 2v) = ¢,y — 29,y + 2¢,y — 26,y + &c.,
s0 }log (1 - sin 2y) = - ¢,y — 2,y — 2¢,y — 2¢,7y - &c. ;
which gives not only

- 1log cos 2y =g,y + ;v + ¢y + &c.,
but also }log tan (Jm + 7) = ¢,y + 2¢,y + 2¢,y + &cuv 0

These are mere properties of the functions ¢,, ¢,, ¢,. ... and
can in several ways be verified.

The series (24), (25) cannot be practically used with ad-
vantage, unless we have tables of ¢ a; but these might be
computed with so much ease, within t ¢ limits a = 0, a = 45°
that this is apparently the best method of adding complete-
ness to this branch of the calculus. The following section
will shew that the use of ¢, is not confined to the particular
cases contemplated in equations (24), (25).

§ VL—To find A, when x 18 near to 1.
20. We shall suppose a to be < 90° and deal with
A (z, ™ ~ a) and A (2, o) separately.

m )
Putcosa=l—+;,, orm=tana; X'=1+2zcosa+2’;

-z

cl+m) X' =1 +2)+m'(1 - 2). Lety=:
Then A(z, m - a) =jlogzlog X' - L(1 + 2) + R,

ifR=ﬁog£Ln—?—{-.%.

1+m
Assume—%aM—sz’+M‘y‘—'&c....;

o log (1 + m?) - y’ my m;y6+&c.....
. =(1_y’){Mo-M,y'+M‘y‘-&c...'..},
which gives ;

M,=log (1 + m*) = 2¢, Ja; M, = 2¢, sa; M, =2¢, la; &c....
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To find the constant after integrating %- , make z =1,

y=0; . . R=const. = A(1, 7 - a) + L2 =}d"
Hence A(z, m-a) = }log 2 log X' - L(1 + z) + }a’

- 2¢, §a. —+2¢‘§a z—2¢.ia y'+&c }."(26)'

Whenz=0,y =1,
A.ia’=¢.ia—§¢‘ia+i¢.§ﬂ—&c.....

which serves to verify the conclusion.

21. Next, observe that (1 + m"). X = (1 + 2)".(m* + ¢°),
so that

A (2, a) = ( : )+logzlog(1+z) L(1+2)-8.(27),
. _ 4 3 .
ﬁS-Qﬁlogl_y.dlog(m +y);

where the arbitrary constant is found, as before, by making
z=1.

*ty
—y’ d
iS=[{y+iy+1y +&c....) _y yy’
dy o 9y fydy + &
om’ +y om' +y’
. _ly ’dy -1 m'dy j‘m‘dy
Add ja tan fm om,+y,+§ om,+y,—&c...

and the sum is fody i ,,(m ¥) dy + §f (m*-m'y*+ y*) dy — &ec.
= [{(M, + My’ + My* +...)dy,
if M,=1-}m+im'-}m*+ &ec..... =m“ ia,
M=} -1im+jm' - }m* + &c. .... =m> ¢, ba,
M =}-}m'+m' - hm® + &c..... =m>. ¢, la,
and so on.
Write z = ym™ =

-t

1
ST pra ; then we finally get

+ o da. 1+ ¢ da. b+ &e... ). (27%).

The multipliers m™, m>, m"... here injure the convergence,
as compared with that of (26). Yet in the worst case, m=0,

m,_.

S=-atan’z+2 {¢]
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the coefficients M, M, M,. .. .become 1, }, }. .. .so that the
series always converges faster than
y+3%W+5% +....&c....

and when z i8>}, y* is <}; which is a far better convergence
than we ordinarily get from equation (12).

22. We may increase the convergence (for the latter case
only) by representing the given function as A (2%, 2a), and
using the formula

1A (2% 2a) = A(z, 7 — a) + A(z, a),
taking A(z, 7 - a) from (26) and A (z, a) from (27).  Thus if
we wish to estimate A (A, u), where A and u are given, put

Z'=h,2a=p; theny = :—-:—};7‘, which is smaller than if we

had made z =%, or y =:—:—;:—. In fact, this will enable us to

restrict the use of equation (12) to the case of z < }; for if
the variable is > }, call it 2*; .. *is <3, and we find A by
combining (26) and (27).

Supposing tables of ¢_to have been formed, it would
perhaps be worth while, for the sake of the method just
suggested, to add to them the values of £, ; where

Ja=cot apa+¢a 3f,a = cot’ a ¢,a — P,a
5f,a = cot’ a.p,a + P,a f.a = cot’ a ¢p,a — pa
&ec. ... &e....

whence we obtain }A (2%, 4a) = a* + (7 - a)’
}...(28).

+l(1+2)+Y2xl(1 + 22 cos 2a + 2*) - 2L (1 + 2)
+ 2a.tan"(y cota) - 2{‘.«,‘1“ +y'f;a+y’j;a + ...}

This is more compact to the eye: yet we here lose the
advantage of regularity in the decrease of the coefficients.

§ VIL—To find A when z is near to cos a.

23. When z is near to 2 cos @, we may reduce A(z, a) by
means of equation (14); but no such property has occurred
with reference to cos a.

Lety=l_go—:;; X =(y cos a) + sin*a;
diX = di(y* + tan® a).

Putycosa=1o, z’=(cosa—v)’=(cos’a-v’)+cw-

cosa-~v’
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o 2z =1(cos’a - o) - l(: i Z)
Say T'=}fl(cos® a~¢*) dl (v*+sin’ a);

U=}fl(}ﬂ> dl (3" + tan® a);
o \1-y

Letcos’a-0*=V, v*+sin*a=1-V, T=}fIVA(1-V)
=}L(V). Tofind ¢,let y=0,.. A(cos a, a) = ¢ + }L cos’a,
or ¢ =}n* - Ira + Ja’. Observe also that 7' =1 - X.

To find U, we have only to compare it with }.8 of Art. 21,
and write tan a for m ; that is, a for Ja. Henceif u =y cot a
= (cos a — z) cosec g,

- A(z, @) = (}7* - Jra + }a®) + JL(22 cos a - &)
}(29>

} SZA@,a)=c+ T-T.

u ? o’
+atan’ u + 1 ¢1a+u§-¢aa + 34’6" + &c...

§ VIIL.— Geometrical idea of the function y = A (z, a).

24. When a is < 90°, % or logz. (§(_ 008 a) is positive
from 2 = 0 to z = cos a, and then negative until z = 1; after
which it is perpetually positive. Thus Az increases up to
A cos a, which is a maximum, and decreases down to Al,
which is (geometrically) a minimum. But it is not certainly
a numerical minimum, if it has become negative.

2 3 -

Since Al=(T %) - T
2 12
(m - af <in’, or a > (1 — 8%) 7, which brings a near to the
limit jor. If a is <(1 - 3¥) m, Az never becomes negative ;
and Al is a numerical minimum.

, this cannot be negative, unless

d; .
When z =0, —:—Z=-—log Z.cos a =+ when « is < 90°, or
is — oo when @ is > 90°. When 2 =cos a, or z = Yo

Again, the curve has an infinite branch correspondiﬁg to
z = o, which gives Az = 2A1 + }log* 2.

‘When « is < 90° but so little less as to make Al negative,
there are two values of z (one on each side of z = 1), such as
to make Az = 0; besides the value z = 0.

‘When a is > 90°, Z—Z is negative from z = 0 to z = 1, after
which it is always positive; and, as before, Az is positive
infinity when 2 =c. There is then one value z that makes
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Az = 0, besides z = 0. This value of z is > 1, since Al is
now essentially negative.
dy zlogz
When a = lr exactly, =% =
“=1 V' 2T 1+ 2

z. A curve is thus produced essentially different from, and

; which vanishes with

intermediate to, the other two species. Up to z =1, dy is
negative ; and afterwards positive. dz

This suffices to give a rough notion of the three species
of curves with which we are here concerned ; viz. first, when
@ is < 90° we have forms such as 4, B, C.

Y Y] . v
B ¢

o X o X o %

Of these, the form B exhibits Al exactly = 0; which gives
a=17(1-38%). In A4, ais greater; and in C, a is less than
this limiting value. i

Secondly, when a = 90°, the form appears to be such as D.
This is in fact the curve 4y = L(- 2*) - Lo.

Y Y,
b | s
F T

o X

But Thirdly, when a is > 90°, we have the form E, which
appears to be much simpler than the others.

ON A PROBLEM IN COMBINATIONS.*

By the Rev. TroMas P. KirxmaN, A.B., Rector of Croft with Southworth,
Lancashire,

Ir Q,,, denote the greatest number of combinations of y
togetﬁer, that can be made with z symbols, so that no com-

bination of z together shall be twice employed’; Q, , , is the
2

. . X .
greatest integer in —, and @, , is —, or the number of

combinations of y together that can be made with z things.
Thus division of integers, and this simple problem of com-

¢ Read before the Literary and Philosophical Society of Manchester,
December 15, 1846,
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MATHEMATICAL NOTES.

1. Note relative to Mr. Newman’s paper on Logarithmic
Integrals of the Second Order.

After these pages had passed through the press, Mr.
Cayley mentioned to the Editor that nearly the same subject
had been treated in Crelle’s Journal (Vol. xxx. 1840), by
Professor Kummer. After a rapid perusal, I can only add
that this is certainly true, and that many of the properties
above investigated have been discovered, and some others
besides. Whether some of mine are not wholly new, I am
unable to assert positively, by reason of the great difference
of notation ; nevertheless I believe that several of my equa-
tions concerning A and Y are not contained in Professor
Kummer's investigations.

He states, that the integral [Fz.log Fz.dz was treated
by Hill in the Journal der Mathematik, Band 111., and the
integral flog (1 + 2z cos @ + 2*) " dz, in a separate Latin
treatise, by the same, in 1830. Kummer has enlarged on
Hill, whose labours he regrets are so little known. Tt is
curious that neither Kummer nor Hill seem to have known
of Spence’s integral, while virtually treating of the same
under the form [(1 +2)” log (+z).dz. It appears moreover
from Kummer (p. 220), that Clausen has actually tabulated
my integral b in p. 298 of Crelle’s Journal, Vol. virv., under
the form - [, log (+ 2 sin }a) da.

Professor Kummer conceives of the general integral under
the form [Fz [Fadz.dz; and he has also extended his
views to the third, fourth, fifth, &c. orders of rational in-
tegrals (for this appears to be the more appropriate title), and
has exhibited in them integrals which are analogous to those
of the second order.

F. W. NEWMAN.

May 8th, 1847.

" IL. On the Caustic by Reflection at a Circle.
[To the Editor.]

A paper by Mr. Cayley, under the above title, having been
published in the last number of your Jowrnal, it appears to
me that both M. de St. Laurent and Mr. Cayley have over-
looked the admirably symmetrical solution of the problem
given by Lagrange in the Mem. de Turin. Thinking that
some of your correspondents may be interested in it, I beg
to send you a translation. '
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